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1. INTRODUCTION 


THE luminescence of diamond has been the subject of numerous investigations 
in the past and these have principally dealt with two types of emission spectra 
commonly met with, one lying in the blue and the other in the yellow-green 
regions of the spectrum. P. G. N. Nayar! made a detailed study of the 
former while the latter was first extensively studied by Miss Anna Mani.? 
The latter author investigated both the emission and absorption spectra 
of several fluorescent diamonds at room temperature and at 80°K. The 
principal features in the spectra of the blue luminescent diamonds are that at 
80° K., a line at A 4152 A.U. appears in emission as well as in absorption, 
accompanied by a set of bands arising out of the combination of the elcc- 
tronic frequency with the lattice vibrational modes of the crystal. These 
bands appear in emission on the longer wavelength side, while in absorption 
they lie on the shorter side. In the case of diamonds exhibiting a greenisk- 
yellow luminescence, a sharp line at 45034 A.U. appears, accompanied by 
vibrational bands. Apart from these, Miss Mani reported the occurrence 
of numerous sharp electronic lines in the fluorescence spectrum of diamcrds. 
Recently, Dyer and Mathews* have studied fluorescence spectra of several 
diamonds at liquid-air temperature, and report in addition to the above- 
mentioned two emissions, an electronic line at 46100 A.U. and a band sys- 
tem associated with it. They have also investigated luminescence spectra 
of irradiated and heat-treated diamonds. Gomon* reports studies on 
diamonds of Russian origin. 


Several years ago, a set of uncut diamonds of South African origin were 
acquired by Professor Sir C. V. Raman and added to his impressive collec- 
tion of nearly five hundred diamonds. Some of these newly acquired 
diamonds exhibited unusual types of fluorescence when expoSed to near ultra- 
violet radiation. The spectra of these were recorded at room temperature, 
as far back as 1951 by the present writer and was reproduced in cn article by 
Sir C. V. Raman in Current Science. These, however, did noi reveal any 
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noteworthy features, except broad lines and unresolved bands superposed 
on acontinuum. The recent acquisition of a liquid-air plant by this Institute ith 
enabled a study of the spectra of these diamonds to be made at liquid-air 

temperature. A number of other diamonds from the collection were also 

re-examined. These studies have revealed several interesting facts and some 

new features in addition to those briefly set out in the preceding paragraph. os 
Three hitherto unrecognised strong electronic emission lines with associated 
band systems have been observed during the present investigation, namely, 
those located at A 4958, 4 5106-38 and 45786. Numerous other electronic 
lines have also been recorded. The important question of the origin of lumi- 
nescence in diamond will be discussed later in the light of the knowledge 
accumulated during recent years on the structure and physical properties 
of this fascinating substance. ] 
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2. MATERIALS AND METHODS ] 


In all, spectra of over twenty diamonds were recorded both at room 


temperature (300° K.) and at 80° K. Eight uncut diamonds of South African 
origin declared as industrial quality were studied. They all belong to the 

strongly luminescing class. Many of these are free from any body colour D 
and are clear crystal fragments, while a few are found to possess a light yellow D 


body colour. Four of the specimens were beautiful octahedral crystals of 
South African origin, exhibiting blue luminescence of varying intensity. 
Another set of four well-crystallised diamonds, having curved edges, were | pD 
from the State of Panna in Central India. These exhibited either a weak 
blue or greenish-blue luminescence. A batch consisting of four diamonds 
were cut gems exhibiting intense luminescence, the colours being respec- 
tively blue, green, bluish-green and bluish-white. In Table I are listed the Tot 


diamonds which have been studied for the first time. The colour of gla 
luminescence and the principal emission lines observed in them are also wa 
given in Table I. an 
air 
A Hanovia high-pressure quartz mercury arc was used for the excitation at 
of fluorescence. The radiation after passing through a Wood’s glass filter flu 
which cut off all wavelengths higher than 4046 A.U. was focussed on the of 
diamond under investigation. The 3650 group of lines were the principal str 
source for the excitation of fluorescence. For low temperature studies, the me 
diamond was embedded in Wood’s alloy filled in a small cavity formed in for 
a copper block which was soldered to one end of a brass tube, one inch in alt 
diameter and about twelve inches in length. This arrangement had a pyrex gr 
glass envelope, the space between which was evacuated with a two-stage 
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TABLE I 
Colour Observed 
No. Shape Body colour of emission 
luminescence systems 
D1 Irregular No body colour Orange 5786-27, 5898-88 
D2 ‘a - Lemen yellow 4152 v.w., 5034 s. 
D3 * “ Golden yellow 5034 v., 5018 
D4 - Yellowish- 4152 s., 5034 s., 5106 s. 
white 
D5 - - Violetish- 4152 s., b., 5034 s., 5106 
white 
D6 os = Bright blue 4152 s., v.b., split into two 
D7 " a Whitish 4152 s., b., 5034 s. 
D60 Cut diamond Colourless Bluish-green 4152s., b., 4958 v.s., 
5031-5 s. 
D54 Cut diamond - Bright blue 4152 s., b., split into two 
gem 
D 52 ‘ Greenish Bright green 4152 v.s., v.b., split, 
4958 v.s., v.b., 5034 self- 
reversed 
D178 Cut diamond Colourless Bluish-white 4152 v.s., v.b., 5034 v.w. 





8., strong; v.s., very strong; v.w., very weak; b., broad; v.b., very broad. 


totary pump. A joint at the top was secured by flanges on the brass and 
glass tubes. The flanges had ground flat surfaces and DC 4 silicon grease 
was used between the two flanges to obtain a vacuum-tight seal. With this 
atrangement and maintaining a vacuum of 0-1 mm. of mercury, each liquid- 
air filling lasted for about 30 minutes. The glass envelope had flat windows 
at appropriate places for the ultra-violet radiations to enter and for the 
fluorescent radiations to come out. The latter was focussed on to the slit 
of a two-prism Huet spectrograph having an aperture of F 4-7. Spectra of 
strongly luminescent diamonds could be recorded intensely with this arrange- 
ment in about an hour’s time, using Ilford H.P.S. plates. It took three to 
four hours to record weakly fluorescent diamonds. The H.P.S. plates, 
although possessing high speed, are poor in contrast and resolution. Photo- 
graphing the spectra either with Ilford special-rapid or Process-Panchromatic 
plates was found to be highly satisfactory and rewarding, as the plates then 
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revealed far more detail, although these plates demanded a four or even 
five-fold increase of exposure time. 


3. EXPERIMENTAL RESULTS 


The majority of diamonds exhibit a blue luminescence, the intensity 
however being highly variable. A green or yellowish-green luminescence 
is also met with not infrequently. A golden yellow or orange luminescence 
is somewhat rarer and especially the latter. One diamond in our collection 
shows an orange luminescence. A sensible increase in the intensity of lumine- 
scence is noticeable when diamonds are cooled down to 80° K. Another fact 
of observation worthy of mention is that the luminescence of diamonds which 
exhibit a white colour at room temperature turn distinctively yellowish when 
the diamond is cooled. Eight tyrical spectra recorded at 80° K. are repro- 
duced in Fig. 1. A critical study of these reveals that five electronic emission 
lines occurring at A 4152, A 4963, 5034, and A 5786 are prominent features. 
These are accompanied by vibrational bands and the colour of luminescence 
is largely dependent on which of the above principal emission line is the 
strongest. Accordingly, the blue luminescent diamonds show the A 4152 
emission line very strongly, the green ones the A 4963 line, the greenish-yellow 
variety the A 5034 or the A 5106 line, while in golden yellow and orange lumi- 
nescent diamonds the 4 5786 comes out with great intensity. In diamonds 
exhibiting an almost white, yellowish-white or bluish-white luminescence, 
both the 4152 and 5034 lines appear in equal strength. Some diamonds 
show exclusively one of these lines only. 


44152 Emission —A great many diamonds exhibit this line in varying 
degrees of sharpness and intensity. In strong blue luminescent diamonds, 
the line is very intense and very broad and appears as a doublet with a dark 
line in the centre. This character is observable, if studies are made with 
thick crystals and arises due to self-reversal of the A 4152 emission. In 
Fig. 1(f) which is the.spectrum of D 54, this feature can be clearly seen; 
In Figs. 1 (a) and 1 (6) which are spectra of D 4.and D 60 respectively, this 
line has come out with a fair degree of sharpness. It was thought that a 
non-birefringent diamond, exhibiting a weak blue luminescence might give 
a very sharp 44152 line. D 56 which is a natural octahedral cleavage plate 
showing no birefringence and of weakly blue luminescent class was chosen. 
The spectrum however showed that the A 4152 line is no more sharper than 
that observable in the two above-mentioned diamonds. 


\ 4958, 5034 and 5106-38 Emissions.—In bluish-green and green lumi- 
nescent diamonds the A 4963 line comes out strongly. The luminescence 
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spectra of D 60 and D52 which exhibit respectively a bluish-green and 
green luminescence are reproduced in Figs. 1 (b) and 1(e). In the latter 
diamond, A 4958 is the strongest and is very broad and diffuse even at 80° K. 
Diffuse bands also occur on the longer wavelength side. This line which 
comes out strongly in the three examples is also accompanied by a sharp 
line at 5031-16. In D 60 this line is of comparable intensity and therefore 
a band system associated with this electronic frequency also comes out and is 
overlapping the bands excited by A 4963. In Fig. 2(c) an enlarged spectrum 
of D60 is reproduced. The spectrum of D4 is also reproduced for pur- 
poses of comparison. 


The 5034 and 5106 emission lines occur invariably together. The former 
is always found to be more intense than the other and is the strongest 
line in greenish-yellow diamonds. With diamonds in which these emissions 
appear along with the 4152 radiation in more or less equal strength, the colour 
of luminescence is almost whitish. In Figs. 1 (a), 1 (c) and 1 (g), the spectra 
of such diamonds are reproduced. Of these, the spectrum of D4 exhibits 
numerous sharp electronic lines apart from the sharp A4152, 25024 and 
\ 5106 lines which dominate the spectrum. Figure 2(d) is an enlarged 
photograph of the luminescence spectrum of this diamond. In Fig. 2 (a), 
a highly enlarged photograph of the 44152 emission line and the band sys- 
tem associated with it is reproduced. In Fig. 4, a microphotometer record 
of this portion of the spectrum appears. Figure 5 reproduces the micro- 
photometer record of the A 5034 and A 5106 emissions and associated bands. 
In Fig. 3, the microphotometer record of the entire region between 4152 and 
5200 A.U. of the spectrum of D4 is reproduced. Some of the sharp elec- 
tronic frequencies falling between 4152 and A 5034 can be seen clearly in 
the record. A unique feature of this diamord is the occurrence cf a sharp 
electronic tine at A 4403, next to the sharp edge of the band system. In 
Fig. 1 (d) which is the spectra of a lemon yellow luminescent diamond (D 2), 
numerous sharp electronic lines appear, but they are not so clear in the print, 


The width of the lines is found to be variable and it can be said that it 
usually follows the general intensity of luminescence. The more the intensity 
of fluorescence, the broader are the lines. 


A 5786 Emission.—One of the diamonds in our collection has a project- 
ing tip which exhibits an orange luminescence. The spectrum of this 
recorded <t 80° K. is reproduced in Fig. 1(h). The wavelength of the line 
correspords to A 5786-27 and this is accompanied by a set of bands on the 
longer wavelength side. In the spectrum of this diamond may be found 
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other sharp electronic lines. The main body exhibits a faint blue lumine- 
scence and therefore the A 4152 line is also recorded in the spectra of this 
diamond. 


A comparison of the spectra of several diamonds recorded at room 
temperature and at 80° K. reveals that in general the electronic lines in all 
cases get sharpened and the bands appear better resolved on cooling. Such 
an effect is highly pronounced for lines occurring at wavelengths greater than 
4400 A.U. In spectra recorded at room temperature, the line character of 
the electronic frequencies is hardly visible. Except the 4152 emission which 
appears as a very broad line shifted slightly towards longer wavelength, 
the line character of the electronic frequencies is hardly noticeable. The 
longer the wavelength at which the electronic lines occur, the more pro- 
nounced is the effect of temperature on the width of the line. 


THE LATTICE SPECTRUM OF DIAMOND 


In Table II are listed all the electronic frequencies observed. The more 
intense among these which are followed by a band system are italicised. 








TABLE II 
Diamond number and colour Electronic lines 
of luminescence Wavelength in A.U. 
D4 _— Yellowish-white .. 4152-59, 4403-03, 4577-2, 4597-3, 


4789-86, 4850-74, 4860-95, 4876-82, 
4889-84, 4967-0, 5018-1, 5027°1, 
5034°02, 5106°38 


D 60 Bluish-green .- 4152-59, 4906-86, 4958-55, 4981-03, 
5031°16, 5042-5, 5374-50, 5749-29, 
5806 - 53 

D2 _ Lemon yellow .» 4152-49, 4402-08, 4615-98, 4494-29, 


4635-54, 4737-61, 4790-21, 4889-25, 
5034°81, 5106-24 


D3 Golden yellow .. 4152-57, 5034-55, 5106-69, 5179-87, 
5232-23, 5245-57, 5786-27 


D1 Orange .. 5034-22, 5107-48, 5704-54, 5733-38, 
5762°80, 5786-27, 5822-65 
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The frequency shifts measured in wave-numbers of the bands are given sepa- 
rately in Table III. 








TABLE IIT 
Frequency 
Frequency shift observed 
Mode No. Degeneracy shift in the 
(evaluated) luminescence 
spectrum 
I 3 1332 1331-91 
II 8 1250 1246-23 
Ii 6 1239 
IV 4 1149 1155-69 
V and VI 3+3 1088 1090-8 
1064-6 
VII 4 1008 1007 -09 
Vill 6 740 750-0 
IX 8 621 





With D4, the bands have resolved very well and the microphotometer 
record reproduced shows the peaks much more prominently and convincingly 
than those published earlier. The frequency shifts in wave-numbers are 
noted in the figure. The frequency shifts represent the vibration frequencies 
of the diamond lattice ‘and much has been written about them in the earlier 
publications. 


A detailed theoretical analysis of the vibration spectrum of the diamond 
lattice, based on Raman’s theory of crystal dynamics, leads to the evaluation 
of frequencies of the diamond structure® and accordingly cight frequencies 
should be observable. Of these the principal mode of vibration with the 
frequency shift 1332 cm.-! appears in the first order Raman spectrum. The 
test of the frequencies do not appear in the first order Raman spectrum, 
but appear as octaves and combinations in the second order Raman spectrum 
of diamond. However, in the luminescence spectrum, the electronic fre- 
quency combines with these frequencies and gives rise to the vibration spectrum, 





196 A. JAYARAMAN 


The positions of the peaks correspond to the frequency shifts worked 
out and in Table III are given the evaluated frequencies and those obtained 
from a measurement of the shifts of the vibration frequencies observable in 
the luminescence spectrum. The latter represent oscillations of the diamond 
lattice with discrete frequencies, lending full support to the correctness of 
crystal dynamics developed by Prof. Raman. In Figs. 2, 3 and 4, the lattice 
spectrum can be clearly seen and the respective frequency shifts are inserted 
in the figures. 


The author wishes to express his sincere thanks to Professor Sir C. V. 
Raman, F.R.S., N.L., for the continued interest he showed and the constant 
encouragement he gave during the course of this investigation. 


SUMMARY 


The communication reports the results of study of the luminescence 
spectra of diamonds recorded at liquid-air temperature (80°K.). Apart 
from the two well-known electronic frequencies at A 4152 and A 5034 and the 
associated band systems, the present study has revealed the existence of three 
new electronic emissions centred at A 4958, A 5106 and A 5786 which come 
out. with great intensity along with the vibrational bands excited by them. 
Numerous sharp electronic lines also appear in the spectrum of some of the 
diamonds. 


Greatly improved records of the vibration spectrum associated with 
the A 4152 emission have been obtained and the vibration frequencies deduced’ 
from them agree closely with the frequencies evaluated on the basis of 
Raman’s theory of lattice dynamics. The investigation reveals that the 
A 4152 emission, A 4958, A 5034 and A 5786 emissions can exist independently 
and the colour of luminescence is dependent on which of these emissions is 
the principal feature of a particular diamond. In diamonds exhibiting a 
white luminescence A 4152 and 5024 emissions appear in equal strength. 
The effect of temperature on the shzrpening of the electronic frequencies is 
found to be more for emissions occurring at greater waveiengths. 
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Fic. 1, Luminescence Spectra of Diamonds Recorded at 80° K. 
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FiG. 4. The 4152 Electronic Line and the Vibration Spectrum accompanying it. 
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Fic. 5. The 5034 and 5106 Electronic Lines and the Vibration Spectrum accompanying them. 




















CONDUCTOMETRIC DETERMINATION OF A FEW 
PHYSICO-CHEMICAL CONSTANTS OF MUREXIDE 


By N. A. RAMAIAH AND R. K. CHATURVEDI 
(Department of Physical Chemistry, National Sugar Institute, Kanpur) 


Received June 29, 1960 
(Communicated by Prof. S. N. Gundu Rao, F.A.Sc.) 


MuREXIDE (I) or the ammonium salt of purpuric acid (NH,P) was discovered 
by Prout (1818)! during the development of test for detection of uric acid. 
Hantzsch and Robinson? made elaborate attempts to prepare murexide in 


a pure state. Davidson® described in detail the method of preparation of 
murexide from alloxantin. Murexide is a reddish-brown shining crystalline 
substance. 


In recent years, attention of a number of research workers has been 
drawn towards the use of murexide as metal ion indicator and as an analytical 
reagent. Swarzenbach and co-workers‘ were the first to describe the use 
of murexide as an indicator for the titration of Ca++ with commercial chelating 
agents such as ethylene-diamine-tetra-acetic acid (EDTA). This marked the 
advent of development of series of analytical methods for estimation of Ca** 
in various technical products such as pharmaceutical preparations, textile 
and sugar-house products. Flaschka® gave a review with 23 references on 
the use of EDTA and murexide in titrations of both cations and anions. 
Specific directions are given for estimation of Ca*+ in presence of Mg**, Zn**, 
Bit, Hgt*, Al*** and PO, ~~ in pharmaceutical preparations. Engel*® des- 
cribed the method for estimation of combined quantities of Ca++ and Mg**+. 
Brunisholz’? used murexide, in presence of magnesium chloride, as an indi- 
cator in determination of fluoride with cerium chloride. A method for the 
estimation of Ca** in sugar-house products has been recently reported from 
this laboratory.® 


Williams and Moser® have developed a spectrophotometric method for 
estimation of Ca*+. Murexide exhibits absorption maximum at A = 522 mp 
in the visible region. When added to a solution containing Ca*+ murexide 
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combines with Cat+ to form a complex with characteristic absorption maxi- 
mum at A= 505mp. The magnitude of extinction coefficient at this wave- 
length gives a measure of the amount of Ca‘. 


No data exist in literature on physico-chemical constants such as ionic 
mobility, diffusion coefficient and ionic radius of purpurate ion and dissoci- 
ation constant of murexide. The present paper reports conductometric 
studies on determination of these constants. 


EXPERIMENTAL 


Murexide of B.D.H. quality was used; this was purified by the method 
described by Davidson’ to obtain a sample of 99-9% purity. Solutions of 
murexide of desired strength were prepared in double distilled water (specific 
conductance 1-0x10-*). The conductance measurements were made with 
Serfass conductivity bridge S. No. 3638 using a cell with the corresponding 
constant of 0-218; conductivity measurements were made at 30 + 0-05°C. 


SYMBOLS USED 


S = Specific conductance 

A = Equivalent conductance 

Ay = Equivalent conductance at infinite dilution 
A’ = Equivalent conductance of free ions 

C = Concentration in formalities 

a = Degree of dissociation 


Aand B = Onsager constants 

A’ = Debye-Huckel constant 

n = The viscosity of the medium 
€ = Dielectric constant 

T = Absolute temperature 


= Electronic charge 


° 


= Tonic paramcter in angstrom units 


QQ & 


= Avogadro Number 

= Constant of the Robinson and Stokes’ equation 
= Boltzman constant 

= Thermodynamic dissociation constant 

=(A + BA,) 


N 
B, 
k 

K 
K’ 














od 
of 
fic 


ng 





Conductometric Determination of Physico-Chemical Constants of Murexide 199 


K = Debye-Huckel parameter 
ko = Classical dissociation constant from Ostwald’s dilution law 
f = Activity coefficient 
Z = Charge of the ion 
i” = Ionic strength 
Xo = Limiting ionic mobility 
F = Faraday 
ls = Ionic radius from Stokes’ law 
r = Real ionic radius 
R = Gas constant 
D = Diffusion coefficient 
RESULTS 


Table I gives a typical set of results on the conductivity of murexide 
solutions at different concentrations. It may be pointed out that the con- 
ductivity measurements were made immediately after the preparation of 


TABLE I 


Conductance of murexide solutions at 30-0° C. 








Concentration Specific Equivalent Dissociation constant 

x 10®M conductance conductance from Ostwald’s law 
3+28 16:11 107-40 2-06 
3-19 15-73 107-66 2-05 
2-85 14-13 108-15 1-91 
2-80 13-93 108-64 1-96 
2-36 11-83 108-61 1-81 
1-58 8-17 112-74 1-70 





the solutions for the following reasons: Murexide in aqueous solution under- 
goes decomposition" 2 in the pH range of 1-3 and 9-12. This is accom- 
panied by a change in the conductivity of the solution. The decomposition 
and the corresponding change in the conductivity were, however, inappre- 
ciable at pH-6 which corresponds to the pH of the murexide solutions, 


’ 
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Nevertheless, conductometric studies made immediately after the preparation 
of the solutions gave data of reproducible and reliable nature. 


Figure 1 represents the variation of A with square-root of concentration 
(see below). Extrapolation of the straight line to y-axis gave a value of 














118-2 | 
118-0 - 
115% 117°8 - 
113 * 117-6 + fe) 
i) 117-4 - 
109 7 117-2 4 
107 T Tr T 1 117-0 + 
2 3 7 5 6x107? 1-5 2-0 2°5 3-0 3+5x10-°M 
' VC Cc 
Fic, 1 FIG, 2 


122-37 mhos. cm.? for Ay. This was employed for the computation of a 
to give ky by the familiar equation. 


a2C 
ke = qa): (1) 
These data are given in column 4 of Table I. It is seen that kg does not 
remain constant indicating the inapplicability of Ostwald’s dilution law to 


the solution of murexide which behaves presumably as a strong electrolyte. 


For strong electrolytes Onsager derived the following equation: 
A= A, —(A + BA,) VC. (2) 


It is of interest to note from Fig. 1 that as required by equation 2, A is 
linearly variant with »/C. The slope of the line gives (A + BA,). Here 


82-5 


8-2x 105 
A= 7am - (3) 


and B= ap: 
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For computation of A, from the slope, the following were used :— 


Dielectric constant? (e) F .. 76°77 
Viscosity" () “ - a 0-80 
Temperature (T) es a .. 303-0°A 
‘A’ +3 a ‘ -. 67-55 
— aa - - - 0-231 


The value of A, obtained from the slope of the plot in Fig. 1 differed widely 
from the value of 122-37 mhos. cm.?/mole for Ay obtained as the intercept 
of the plot (see Equation 2). Similar observations have been recorded with 
number of salts in mixed solvents.» 1® These studies suggest that the num- 
ber of ions contributing to conductivity of the solution is less than the total 
number obtainable by the dissociation process, which is due presumably 
to the existence in the system of associated ion-pairs. 


5. ION-ASSOCIATION AND DISSOCIATION CONSTANT 
For computation of the dissociation constant of a system in which ion- 
association is marked, the following methods have been found useful :— 
(i) Davies Method,!’ 
(ii) Robinson and Stokes’ Method,"® 
(iii) Brock’s method.’® 


The applicability of these methods for the calculation of the dissociation con- 
stant of ammonium purpurate was examined in the following :— 


5.1. Davies Method 


According to this method a at a particular concentration is given by 
the ratio of the equivalent conductance of a system to the corresponding 
equivalent conductance with no association (A’). Here 


A’ = A,— (A +BA,) Val. (4) 


The values of A’ at different concentrations were calculated by the method 
of successive approximation. These are given in column 3 (Table II). The 
degree of dissociation and pk values computed from these results are given 
in columns 4 and 5 (Table II). 
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TABLE II 


* 


Calculation of classical dissociation constant by Davies method 














Classical 
Concentration Equivalent Degree of dissocia- pk 
x 10? M conductance _ dissociation tion 
of free ions constant 
3-28 117+12 0-9170 3-32 1-479 
3-19 117-18 0-9187 3-31 1-480 
2:85 117-47 0-9208 2-99 1-520 
2-80 117-49 0-9246 3-25 1-500 
2-36 117-88 0:9298 2-90 1-537 
1-58 118-65 0-9503 2:87 1-540 
pk 1-51+0-03 
5.2. Robinson and Stokes’ Method 
Onsager and Fuoss”° observe that 
A= A,—(A + BA,) VC + EC logC + FC. (5) 


Equation 5 was found to give satisfactory results only up to concentrations 
>0-01N. The constants E and F are to be empirically determined. It 
may be pointed that the influence of time of relaxation™ and of electro- 
phoretic effect on the dissociation of a salt are to be considered :— 


The relaxation effect?? can be represented as 


4X _ —e® 0-2929 0-20200« _ | - 
X ~ 3heT “1 Fax 0-2929aK ° ) 





The last term ¢°-2929¢* — | /0-2929a« in Equation 6 can be neglected for the 
values of ax < 0-3. Further, in the above equation, « is given by 


(7) 





(8Ne2)¥/2CV2 = 1 a 1 me} 
{ 2N, 2N, 


«= "(1000 kT)? 
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where 7, and nz denote the concentration of cations and anions per c.c. and 
N, and Ng are the number of “ sites’ per c.c. available to these ions. « is 
also given by 


_ (8aNe?)/2C12 
c= (1000«kT) 2 ° (8) 


The difference betwecn the values of « from Equation 7 and from Equation 8 
arises from the fact that in the derivation of Equation 7 distribution function™ 
other than the Boltzman function has been employed. As pointed out by 
Wishaw and Stokes,™ the derivation of the correction factor in Equation 7 
(cf. Equation 8) by Falkenhagen et al.?* using Eigen-Wicke distribution 
function?* instead of the usual Boltzman distribution, is of doubtful validity. 
The value of « as given by Equation 8 is therefore used for estimating the 
relaxation (and electrophoretic) effect (see below). 


The influence of electrophoretic effect is given by the expression™ 


2-5 1/2 
— (F50a) (1 + ak). (9) 


Combining the electrophoretic effect (Equation 9) and the relaxation effect 
(Equation 6) using the value of « from Equation 8, the following equation for 
A of univalent electrolytes of non-associated type, is obtained 


a a e BYC 
o* (4. 1+ BayC) (1 1 + B,a°V/C/° (10) 
The constant B, is given by 
50-29 
B, = (eT)? ° (11) 


For systems involving ion-association, the concentration of free ions will 
be aC instead of C. Substituting in place of C in Equation 10 we get 


ia ___AvaC _\f,;_ Ba 
A =(4, l sEeve() 1 + Bya°v/aC (12) 
where 
A 
A’ = —", 
a = (13) 


The term 7/9 gives the viscosity correction which is insignificant at low con- 
centrations investigated and therefore omitted. 
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In order to calculate A’ a suitable value is to be assigned to a°. It may 
be added that ion-pair formation will take place only when the sum of the 
effective radii of the ions is less than Bjerrum’s critical distance of 3-57A, 
For free ions, a° can therefore, be assumed to be equivalent to or greater than 
3-57A. Employing the minimum value of a°, viz., 3-57 A, the equivalent 
conductance due to free ions (A’) at different concentrations was calculated 
by using Equation 12. These are returned in column 3 of Table III. The 
value of a and pk are given in columns 4 and 5. 


TABLE III 


Calculation of classical dissociation constant by Robinson and 
Stokes’ method 





Concentration Equivalent Degree of Dissociation 
x 10° M conductance _— dissociation constant pk 
of free ions 





3-28 117-50 0-9135 3:16 1-501 
3-19 117-54 0:9159 3-18 1+497 
2°85 117-78 0:9182 2:94 1 +532 
2-80 117-81 0-9221 3-06 1-515 
2°36 118-14 0-9278 2°81 1-552 
1-58 118-84 0-9486 2°77 1-557 


pk 1-525+0-03 





5.3. Brock’s Method 


An extension of Davies method for evaluation: of A’ (5-1) has been 
recently developed. For this purpose Equation 4 is rearranged as 
A=a[A,—(A +BA,) VaC J. (14) 


Equation 14 can be represented as a function of the degree of dissociation 
in the form 


f(a) = a¥/29CV%’ — aA, +A=O0. (15) 


Let a,’ be the first approximation of a so that a, = a +h, where A is a con- 
~ stant. Expanding f(a) in Taylor’s series we obtain 
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7 h? ” 
f(a) = f(a) +f (a) +5 Ff" (um) +>. (16) 
Assuming that the third and higher terms are small and negligible, we get 
f (a,) 
=— 7. 17 
ees «= -" 
so that the second approximation of a, becomes 
ie f(a) 
Qs = ay, — f' (a) . (18) 


Substituting Equation 15 in Equation 18 and putting a, = A/A, we get 


Aye? 8, 
A (4.) ov 
o=a — r 


The values of a, obtained from Equation 19 are given in column 2 of 
Table IV. Column 3 gives the pk values computed from data in columns 
1 and 2. 

Reference to data in Tables II to IV indicates that different values of pk 
obtained by varied methods agree with each other ; the average values of these 
are given in column 2 of Table V. 

TABLE IV 


Calculation of classical dissociation constant by Brock’s method 





(19) 








Classical 
Concentration Degree of dissocia- pk 
x 108? M dissociation tion 
constant 
3-28 0-9122 3-10 1-508 
3-19 0:9187 3-31 1-480 
2°85 0:9208 3-07 1-513 
2-80 0:9242 3-15 1-501 
2:36 0:9298 2-90 1-537 
1-58 0:9498 2-85 1-546 


pk 1+512 + 0-03 








Az 
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TABLE V 


Classical k and thermodynamic K dissociation constant of murexide 








pk pK 
1. Davies Method .. 1°506 + 0-03 1-555 + 0-03 
2. Robinson and Stokes’ Method .. 1523 40-03 1-572 + 0-03 
3. Brock’s method .- 1512 40-03 1-556 + 0-03 
Mean value .. 1°514+0-03 1-561 + 0-03 





6. THERMODYNAMIC DISSOCIATION CONSTANT 
The thermodynamic dissociation constant of murexide or ammonium 
purpurate (NH,P) is given by 


_ [NH,;*] [P-] . fant - Som 
ae a a " 


and is computed employing the following modified Debye-Huckel equa- 
tion™ for 








AZ;? 
— log fi =] EME (21) 


The values of pK obtained are given in column 3, Table V. The data sug- 
gest that the dissociation constant of murexide can be considered to be 
2-75 x 10-? (pK = 1-56) which indicates the strongly ionizable nature of 
ammonium purpurate. It is instructive to compare the dissociation constant 
of purpuric acid**: k = 1-58x10-? (pk = 1-80). 


7. COMPUTATION OF IONIC MOBILITY AND IONIC RADIUS 


The linear variation of A’ with C is shown in Fig. 2. The extrapolation 
of the straight line to zero concentration gives the value of the equivalent 
conductance of the free ions at infinite dilution which corresponded to 119-7; 
A, values of NH,* was computed from the data?* on the conductivity of NH,Cl 
and Cl-. Simple application of Kohlrausch law gives 38-12 mhos. cm.? for 
the limiting ionic mobility of purpurate ion. 
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Assuming that Stokes’ law is applicable to the movement of ions under 
electric field, we have 


_ 0:82Z 
ae i 





Equation 22 gives a value of 2-68 A for rs. Stokes’ law, however, requires 
the movement of a particle of macroscopic dimensions in an ideal medium. 
For the ions with radii less than 5 A, the values of ionic radius obtained by 
Equation 5 are reported to be very low and are therefore to be corrected. 
A factor has been worked out?® for ions of various sizes. For a value of 
2:68 for r, this appeared to be approximately 1-44, leading to an approxi- 
mate value of 3-88 A as the real ionic radius of purpurate ion, in close agree- 
ment with the corresponding value of 3-4 A computed from the data on 
conductivity of purpuric acid®* obtained at 0° C. 


8. DIFFUSION COEFFICIENT OF PURPURATE ION 


The conductivity data presented in the previous articles are employed 
for determining the diffusion coefficient (D) of the purpurate ion on which 
no data exist in the literature. D is related to the limiting ionic mobility 
(Ag) by the following equation due to Nernst* 


RTA, 


p= F2Z (23) 





\, for the purpurate ion (see §7) corresponded to a value of 38-12 mhos.cm.? 
Substitution of this value in Equation 22 gives a value of 1-03 x 10-* cm. sec.—4 
for the diffusion coefficient of the purpurate ion. 


SUMMARY 


Conductance measurements of murexide or ammonium purpurate 
solutions were made at 30° + 0-05°C. using a Serfass conductivity bridge. 
Ostwald’s dilution law was found to be inapplicable; equivalent conductance 
at infinite dilution and the classical and thermodynamic dissociation con- 
stants were computed by various methods applicable for systems involving 
ion association. The following physico-chemical constants of murexide were 
calculated :— 


(a) Thermodynamic dissociation constant. 
(b) Ionic mobility of purpurate ion. 

(c) Ionic rasius, 

(d) Diffusion coefficient. 
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ABSTRACT 


In the present paper the deviations from parallelism and equidistance 
are studied for Finsler spaces in Cartan’s sense and for Finsler space 
which is locally Minkowskian. By considering an orthogonal ennuple of 
hypersurfaces in F, properties of associate curvature or angular spread 
vector have been studied. 


INTRODUCTION 


PARALLELISM and equidistance in classical differential geometry were studied 
by Graustein (1932); the same notions were studied and extended for 
Riemannian spaces by R. M. Peters (1935, 1937). 


In the present paper the deviations from parallelism and equidistance 
are studied for Finsler spaces. In first section the study is based on Finsler 
space in the sense of E. Cartan (1934) and in second section the Firsler space 
under consideration is as given by A. Kawaguchi (1953, 1956), H. Rund (1954, 
1955) and other writers. 


SECTION I 


1. In Riemannian geometry the associate curvature or angular spread 
is defined as the measure of deviation of vectors A‘ from parallelism, and is 
given by 


— 


= (giguini) (1.1) 
where 
. ' dxk 
p= Mk a (1.2) 


are perpendicular to unit vector A having \* as contravariant component. 





The latin indices followed by a vertical bar denote a particular vector. 
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If we take Finsler space equipped with Euclidean connection, then the 
associate curvature (angular spread) vector «* given by the relation 


1 ee 
r2 — Sij (x, x ) pp (1 .3) 
is perpendicular to unit vector A, as the co-variant derivative of fundamental 
tensor gj; (x, x’) vanishes. 1/r is the measure of the deviation of vector 


at a point P (x, d¥) of acurve C-and the vector which has been transported 


parallelly from P (x, dx) to P. 


If m linearly independent congruences of curves Cy (k = 1, 2, ..., n) 
with tangent vectors A';,, = dx*/ds, are considered, then the associate 
curvature vectors of the vectors A,,* with reference to the curves 


C:(¢= 1,2, ...,.mkseD 
are given by 
wr, = AY AMe, i. (1.34) 


This is called the associate curvature vector of the curves Cy with respect 
to curves C; and its length 


—n ') yt j 
7, 815 (X, X') wet KI, 
is called the associate curvature of the curves Cy, with respect to Cj. 
Since 


dxt dx), 


Sij (x, x ) ds, ds} (h > 1) 


vectors /,', are perpendicular to Wy, (k~/). 


We take independent families of hypersurfaces S; defined locally by 
the equations fj (x4, x2, ...,x™, x’, ...,x™) = Cy (/ = 1, 2, ..., n’) such that 
the distance between any two neighbouring poinis x?, x4 + dx4 is given as 
(E. Cartan, 1934) 

ds = £(x, dx) (2.1) 
sy = J £1 (x, dx). (2.2) 


These hypersurfaces intersect in n linearly independent congruences of 
curves C; whose unit tangent vectors are AY, = dx*/dsy. The family of hyper- 
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surfaces S; have (n — 1) independent congruences of curves Cy, (KA/) on 
them and the family of curves C; are their transversals.' 


If d, be the distance measured along a transversal between two hyper- 
surfaces S1: fq =fi/ and ft = fi + f° (where f° is of the order 4 fj) and 
logarithmic directional derivative of d, be taken in the direction of a curve 
C, on fj then this derivative as Lt. f(°—>0 is called the distantial spread of 
the hypersurfaces S; with respect to the curves C; measured along Cy and it is 
denoted by 1/dx1. 


Thus 


fa = Utero sg (RED. (2.3) 


If S; is the directed arc of an individual curve C; as defined by the 
integral (2.2) then 


P) 
df = 2h dsy 


where df7/)S; is the directional derivative of fj in the positive direction of C}. 


Therefore 


1 d log ee (8) 
7 as (kA l). 
If 1/dy1 = 0 then log (af7/dSz) is constant and s; = F (fj) is the common 
directed arc measured from a fixed hypersurface S; with congruence of trans- 
versals Cj. 


Conversely when 1/d,; the distantial spread of hypersurfaces S, with 
respect to curves C; in the directions of the curves Cy (k 4 /) vanishes for all 
points then each pair of hypersurfaces cut equal segments on transversals. 


Now 


dx} dx” 
1 2 
fila... 2x" ae 1s) = 


1 The word transversal does not stand here for the generalisation of orthogerality, it _ 


— the curves which interesct the remaining (n — 1) families of curves C,. (k ow], 2,..0.% 
#1), . 
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ft _ idx? | yi dx’ 


Ss, dxt dS} dx't dS§} 


or 
0 > ’ 
ut = fi,’ + A,r”. (2.4) 


As s; is the arc parameter for the transversals C), Aj,4 = dx*/dS, denotes 
the unit tangent vector to the curve. The dashed suffixes throughout denote 
the partial derivative with reference to x’* and ,," = dx’*/dSy. 


Now 
d log ft 
— YY Lfiigry Me? + fay pie? + Sein’ Ae? 
dS; 
+ fier 1,5rK']- (2.5) 
Also 
— «2 wea : i 
fu,igy "Ae? = Dh — fi, ein". (2.6) 
Substituting this value in (2.5) and simplifying it we have 
afi 
d log — } 
as 1 P P F ? df7. «Ar. 
Sk B a Ti [ Fes hr, rey! a MK) jAN) + Vig 
dSz 
+ fyrjry* Me? + fied! use | (2.7) 


or from (1.3) 


1 1 , : 1, «Ate bs a 
dy = Ti [ fui (Hk, — B’k1) + Puget + Sivjrr' Ak,! 
dS; 
+ fin, de | ; (2.8) 


Thus we conclude that if the difference between the associated curvature 
vectors p14, 4*~1, is zero and the 2nd, 3rd and 4th terms vanish the hyper- 
surfaces are equidistant, 
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In particular if the vector field Aj,* is null the last two terms vanish. 
In this case the hypersurfaces will be equidistant if the sum fj,;A,,/ is con- 
stant and the vector difference (u'y,, — »‘k1,) iS zero. 


Equation (2.8) reduces locally to equations in Riemannian space as 
given by R. M. Peters (1935). 


From above considerations, we have a necessary and sufficient condition 
that the hypersurfaces of each family be equidistant with respect to the con- 
gruence of curves not contained in them is that the vector p*, 1, is identical 
to 1K, fi,jMer is invariant with respect to differentiation along their trans- 
versals and vectors A;,* are zero (/= 1, 2, ..., 7). 


3. E. Cartan (1934) has shown that a curve in Finsler space with Car- 


te i = : 
tesian basis (€,, @2, ..., @n) can be chosen so that at any point P we have 


>> 
&5e5 = Sij- 


We also assume that the independent hypersurfaces form an orthogonal 
ennuple thus 


Zn, Dn = 84, An ARsa=0 AK 
and 
Anu’ Ang = 85. 


We define the projection of the derived vector of Ap, in the direction of j, 
on Ax, as 


Anyi, jer An? = ynet (3.2) 
which are known as Ricci’s coefficients of rotation. 
Now 

He Aye = 0 (3.3) 


and directions of the curves C; coincide with the system of normals to the 
surface thus /1,iu'1K, = 0 and (2.9) reduces to 
1 1 df7 3A j : s? . P . 
i Tater — fie nny + S1,79ru" AK? + fier 11,34 ; 
dS 
(3.4) 
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Further 


Het, = 2 Yeertrr,* 


and 
He, = 2 yirkAr’. (3.5) 
Thus equation (2.8) can be put in terms of coefficients of rotation. 


If we take the derivative of Ap,*Ax,y = 0 with respect to xi and then 
multiply by Aj, we have the relation 


Yhkl; = — Ykhli- (3.6) 
Putting h = k we get (3.7) yx, = 90 in conformity with (3.3). 


With the help of (3.5) we put (3.4) as 


I I afi, iAk j . 3 : . 
da Mi -<s + fii = yrkidey* + Srrgrny' Me? 
dS1 
i fuer 114¥e . 


Thus if yp~1 = 0 (r = 1, 2, ..., m), Ay? =O and fygrx,* is invariant 
with respect to differentiation d/dS; the orthogonal ennuple of hypersurfaces 
is equidistant each hypersurface being so with respect to the congruence of 
curves not contained in it. 


4. Distantial spread of one congruence of curves with respect to another 
congruence :— 


We consider the n independent congruences of curves as obtained by 
the intersection of 7 independent families of hypersurfaces S, 


ee a ae 
fi(28 2%, -...2%, Gg > aS? as )=O 


the curves C; being the transversals of the hypersurfaces Sj). 
Upon a two-dimensional surface fj = Cj(i= 1, 2, ..., n; ixk,]) 


there are oo! curves C; defined by the equations f, = Cz and oo! curves Cx 
defined by the equations fj = Cj. 
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Upon an arbitrary surface we consider these two sets of curves and take 
the logarithmic directional derivative of the distance measured along a curve 
of congruence C; between the two neighbouring curves given by 


fhi=ft. fi =f + f° (where fi’ is of the order 4f;1) of the congru- 
ence Cy. The limit of this derivative as fj°—»+0 is the distantial spread of 
the curves Cy, with respect to the curves Cj. 


From (2.12) the distantial spread of the congruences of curves to one 
another can be put down as 


1 P) -r j P P : 
dah [ tape + fii (Hue, — eer) + Aegan? At? 


dS1 





+ fiver wae? | 
and 


1b Pehearee in J 
du ac | ee fee Mi! + fei (Het, — Ht) + Se arg tey* 1)? 
Sk 


+ Fea nd | (4.1) 
Thus 


If the curves of each of two congruences are parallel with respect to one 
another, A;,' and Ax,’ are null and the terms 


igre? —egjAts? 
sy” Sk 





vanish then the curves of each congruence are equidistant with respect to 
the curves of the other. 


Conversely if the first, third and fourth terms of both the brackets vanish 
and the curves of each congruence are equidistant with respect to the curves 
of another then their associate curvatures with respect to one another are 
identical. 


Finally if the first, third and fourth terms of (4.1) vanish and the curves 
of each of the two congruences are equidistant with respect to another and 
the curves of one of the congruences are known to be parallel with respect 
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to another then the curves of latter congruence are also parallel with respect 


to the curves of first. 


If the congruences form an orthogonal system, equations (4.1) simplify 
to 


1 1 wi iAk j : Pa ° 
_ Suen + rp 4 75A,° Ak 7 
da OM { dS Sia yreirns* + Si, vpn’ Ak, 


dS: 


+ fier 1, idr,i} 


1 1 fac, grr? 4,4 
du ie jae + fii 2 vrtteAn® + Sic, e7jrtes® Ati? 
Sk 


+ Sued sont. (4.2) 


Thus if 


Hijrei Yet yer yi 
—_— -_:=-™ 


are zero and the coefficients of rotation 
¥ap= 0 for r=1,2,...,” 


then the curves of each of the congruences are equidistant with respect to 
another. 


Conversely if 
Ss Sr, ’ b> 


are zero and the curves of each congruence are equidistant with respect to 
another, then the coefficients of rotation y,,~, must be zero for all r. 


AK)? 





Now 
“ 


— a 
ri"! = dS, = X34 ri? 


6s corre 


where m may stand for any number 1,2, ...,7. ) 
Therefore, 


A,? _ Hm): 
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and 


Hm, =2 YmrtAr,* 





y =—2 YrmlAr,*- 
Putting this value of A;,* and A,,* in (4.2) we have 
1 1 ys 1, iA j : ; . 
aS [ eg + fii 2 yrkiXe’ — Siej 2 YrmlAr, AK)? 
dS1 
—Sii (x YrmtAp,* »iMe4| ; 
Hence we have, if 
Yekt=90 for r=1,2,...,” 
) and 
Fy jr? We jr? 
dS " Sk 
are zero the curves of the orthogonal congruences are equidistant with respect 
to each other. 
Conversely if the curves of two congruences are equidistant with respect 
to each other and 
‘) aft, j Ar, oft, jan? 
Py) Sk 
are zero the coefficients of rotation y,;;,, must be zero for all r. 
SECTION II 
5. In the first section our findings in Finsler spaces were based on ele- 
0 ment of support and, therefore, on Euclidean connection. 


Finsler space which is locally Minkowskian. 


RE oy 


tion F is restricted by following assumptions: 


oe 
RARE Pie oe: 


(ii) F is positive unless all the X* vanish simultaneously. 


In the present section we make a general approach by considering the 


The metric function of n-dimensional Finsler space Fy is denoted by 
F (x?, X*) where X? is the vector attached to the point P(x) of Fy. The func- 


(i) F is analytic in its 27 arguments (x1, x?, ..., x™; X1, X2, ..., X™). 




















217 





218 NIRMALA PRAKASH AND RAM BEHARI 
(iii) It is positively homogeneous of the first degree in X*. 
(iv) The quadratic form gj; (x, X)  >0 for #40 
where 


a _ , °F? (x, X) 
843 (x, X) = or 


From assumption (iii) and by Euler’s theorem on Homogeneous functions 
it follows: 


dig (X, X) ye _ 2g (X, X) yj _ 
— = ae ~~ = s (5.1) 
Bij, (x, X) X* = gig, x (x, X) XI = 0. (5.14) 


In particular if X* = x’t is contravariant component of the tangent 
vector then (5.1) takes the form 


dee (x, x’) _, d245 (x, x’) _,; 
COG M2? ye — SY" yi = 
dx’k ax’h ° 0. (5.2) 


The co-variant derivative of a vector A* is given by 
i _ 2a +i h 
“k= sxe + Phe (x, X) A (5.3) 


and the condition of parallelism is 


c= 0. 


In analogy to Riemannian space we define the associate curvature vector 
of A* with respect to X* as its derived vector in the direction of X*, that is 


di Xk = pi, 


The measure of the associate curvature (angular spread) vector yp? is given 
by the relation 


1 aide 
7a = 845 (XH) ew? (5.4) 
and 1/r is called the associate curvature of A‘ with respect to curve C. 


X* are the contravariant components of the vector which is intrinsically 
attached to the point in question. 





sf 
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It is to be noted that in Riemannian space and locally Euclidean Finsler 
space the co-variant component p; of the associate curvature vector y* can 
be put as 


dxk 
Mk Fy = pi 


whereas in this case on accourt of non-vanishing of gj; ,, (x, X) it cannot be 
put in the above manner. 


We call the vector 


dxk 
ik qs = Bt 


as the secondary associate curvature vector and the corresponding length 
given by 


- 1 
g" (x, #) Mie = 7 


as the secondary associate curvature of the vector A* with respect to the 
curve C. 


Obviously gj; (x, 4) and g#d (x, ») are not the counterparts of each other. 
Corresponding to each associate curvature vector at a point of the curve 
we shall have the secondary curvature vector too. 


As the contravariant components A* belong to a unit vector we have 
gj (x, X) At = 1 
and the co-variant derivative with respect to x* gives 
Sij,k (x, X) AA + 2945 (x, X) At, ~AI = 0 
or 
Bij, ke (x, X) APAIx"® + 243 (x, X) Ab, _AIx’® = 0. (5.5) 
Thus we observe that unlike Finsler manifolds with Euclidean connec- 
tion here the vector p* is not always perpendicular to A‘; it is perpendicular 


only when first term of (5.5) vanishes, i.e., when X? are replaced by 2* in 
8ij (x, X) or Xi = x’, 


If n linearly independent congruences of curves Cy (kK = 1, 2, ..., n) 
with tangent vector 
dx* 


ae 
Me" = Fg, 
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are considered then the associate curvature vectors of the vectors A,,* with 
respect to curves C; (k,/= 1, 2, ..., n, KA/) are given by 


ret oa Mie), 41)’. (5.6) 


This is called the angular spread vector or the associate curvature vector 
of the curves Cx with respect to C; and its length 


. ta wd 
ree Si (X, Hie) HLH? ky 
is called the associate curvature of the curves Cy with respect to Cj. 


Here again we notice that 4*;;, are not necessarily perpendicular to Me,*3 
they will be so only when 


Gij,h (X, X) Anes *An, FAL,” =0, ie, Xt = Ay? or X*=A,*. (5.7) 


If Fy is a subspace embedded in a Finsler space Fy, (m > n) the vectors 
in Fy, are specified by A* whose contravariant components in F, are £# thus 


ELE wi,2....,” 

A = X,'F a, 8y= 1,2, .....2 ‘ (5.8) 
xt = xt (ul, u?, ..., ul) 

Its ordinary differentiation gives 


dx ™ dé 2x7 dub 
dS Xe! dS a du*dub g dS ° (5.9) 


The associate curvature vector of * are denoted by » then 


i dx? 


pt = Se a, 5. (5.10) 


On account of (5.8) and nnd it takes the following form 
: _ a& dub 
Since 
Papen (ty) = 845 (2 2) Xe) (eg + Pratl (x, x) XP). 


We have 


B45 (x5 2’) Xqind = gayktsp OE = Bay (uu!) 98 (5.12) 
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where we have put 


dub 
&, B ds = 7* 
which is the associate curvature vector of €* with respect to the same 


curve C, 


Thus the relation (5.12) shows that the associate curvature vector of 
vectors in subspace and the embedding space with réspect to same curve is 
not necessarily the same. 


The associate curvature of the vector * with respect to curve C is essen- 
tially its measure of the deviation from parallelism with respect to curve C. 


6. LEquidistance of families of hypersurfaces with respect to congruences 
of curves.—Let n independent families of hypersurfaces S; be defined in Fy 
by the equations fj (x, x3, ..., x®, x1, ..., x") = C; (= 1,2, ..., n). 

The n linearly independent congruences of curves which are the curves 
of intersection of these hypersurfaces are denoted by Cy, (k = 1,2, ...,7) 
and their unit tangent vectors are 
_ at 
~ ASK 
The hypersurfaces S; of the family /, = C; contain (n — 1) congruences of 
curves Cy, (k= /) and the congruence C; is their transversal. 


Ak? 


We define the distantial spread of the hypersurfaces S; with respect to 
the curves C; measured along C, in the same way as we did in Section I. 


Thus 


l d log dj 
—, == Lf. —~— k 
dk1 frs0 Sk (k #I) 
or 
d log (#) 
Dl cgi sig cee (6.1) 
dl Sk : ; 


If 1/dyy = 0 then log df1/2S; is constant and S; = F (/}) is the common 
directed arc measured from a fixed hypersurface S; of all the curves C}. 


Conversely when 1I/d,; the distantial spread of hypersurfaces S; with 
respect to curves C; in the directions of the curves C;,(k/) is zero at all 
points then each pair of hypersurfaces cut equal segments cn transversals, 

A3 
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RG?, H, eee #, x’, eeey x’®) — Ci. 


and 


xi _ whi dxt , aft dx’ 


WS,  dxidS; ' dx’t dS; 
= fiir? +fier* 


where we have put 





» dx’ 
~™* ra (6-2) 
Therefore 
l l . . 
qa ye + fir Aty* ),5AK,? 
dS] 
I i 7 : . - 
= — Suid! +09 FTE eet + fie 1,4) Aty?- (6.3) 
dS] 
Also 


a Siow . ' 
f1,ij41,Ax,? = 2fhegs — fi,j¥ ky, 11," 


Substituting this value of f1,ij1,*Ax,? in (6.3) and taking into account 
(5.6) we have 
I =3[S oe ee 
dl i Cg: ‘ad kl, od lk dS1 1,j ky 
S 
— firjMy* re? — fier 1, ie | . (6.4) 


From (6.4) we obtain the following theorems: 





Y 
~ 


THEOREM 1.—The hypersurfaces are equidistantial with respect to the 
curves Cy, if the difference vector of the associate curvatures of curves Cy with 
respect to Cy and curves Cy with respect to C1 is null and the last three terms 
reduce to zero. 


In particular if the congruence of curves C; are geodesics, A,,* will be 
zero. 
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THEOREM 2.—Similarly if the unit tangent vectors Ax,* and j,* are parallel 
with respect to the curves C, and Cy respectively and the last three terms are 
zero the hypersurfaces S, will be equidistant with respect to curves Cy. 


Now 
Ay? = x't, d1J 
= Nin 941)? = Bnd 
Thus ;,¢ is actually the associate curvature vector with one of the super- 


script suppressed meaning thereby that it stands for the associate curvature 
of all the curves of the congruences Cm (m= 1, 2, ..., 7). 


Therefore 


I I : : d , 
tea [ fui oa, — Ht) — 3g (F154) 


dS1 
— fi,xje mi Mey? — faitimy, de | ; (6.5) 
Thus we have 


THEOREM 3.—The hypersurfaces S, are equidistant with respect to the 
curves Cy, if the associate curvature vectors of all the curves of the congruence 
with respect to the fixed congruence Cj are zero, the associate curvature vec- 
tors of C1 with respect to Cy are zero and the sum fi,j\e4 is independent 


of SI. 
7. We choose an orthogonal ennuple of hypersurfaces in Fy, such that if 


a dx* i dx) 


Mer’ = 9g,° A” = as, 


be the contravariant components of the unit tangent vectors of the trans- 
versals Cy, and C; of the family of hypersurfaces f, = Cx, fj = Cy then we 
have the relations 


Bij (X, Mey) Arey *At,2 = B® = Ape, jA1,? 

Gig (X, At,) At, *Ate,? = Spb = AY GjAKe,?. (7.1) 
It is to be noted that 5;*+ 8! in general, though of course 8;* and Sie! 
are both zero or one according as A#/ or k=/, 
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The projection of the derived vector of Ap, in the direction of Az, on Ax, 
is given by 


Mn pak it)? (7.2) 
we put it as yp, and call it Ricci’s coefficient of rotation. 
Since 
My ia An ites 


the coefficient of rotation so defined is not anti-symmetric in the first two 
indices. 


We call the invariant defined by 
Ani 54t Me, = Yak (7.3) 
as the relative Ricci’s coefficient of rotation. 


Taking the co-variant derivative of the relation (7.1) with respect to x™, 
multiplying it by A;," we have 


(Ani j,mAk,? + Any 5%) ,m) A1,™ = 0 

(Ain, mAteyj + Ani, j,m) 21, = 0. (7.4) 
In view of (7.2) and (7.3) we have 

Yhkl + Ykht = 9 

Yhki + Yeni = 0 (7.5) 


This shows that the relative coefficient of rotation and coefficient of 
rotation are connected by a reciprocal relation. 


From (7.2) and (7.3) we have relations for associate and secondary 
associate curvature vector, thus, 


Ata, jt? = z YakIAk,* = 2nd, 
An i,gt? = E ynkei Mk = MnLi- (7.6) 


We may remark here that if A’s are constant multiples of each other then in 
view of condition (iii), the distinction between two types of associate cur- 
vatures and Ricci’s coefficient of rotation will vanish. 


The derived vector of Ap, in its own direction is called the first curvature 
vector and is denoted by 
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Mn jan? = x YnkhAk,* = Hn,* 
Anjan)? = = Zynkndei = = Unie (7.7) 


Applying (7.6) to (6.5) we have 
l ] : a 
== [ fui (z YkhAn,* — 2 vine," ) _ 3g, (St9%1?) 
dS} 


—fiij a YmhAn, Ak? — SL (z YmhUn,* ) , re? | ; 
(7.8) 


Hence we have 


THEOREM 4.—I/f for an orthogonal ennuple of hypersurfaces the Ricci’s 
coefficients of rotation yn, =90(h,k,1=1,2,...,n) and d/S; (fi,jre,) 
is also zero then the family of hypersurfaces f, = Cy must be equidistant with 


respect to the family fy = Cx. 
On account of (7.5) the relation (7.8) can also be put as 


oe i_ ee 
1 = de [sia grnmn!— Zonas!) — 3rd 


dS 
+ fej 2 Yamin, Ak? — Sie (z yami™n,*) , Ned | : 


Hence 


THEOREM 5.—The family of hypersurfaces fj = C, will be equidistant 
with respect to fy = Cy if relative coefficients of rotation yp, are zero and 
>/9S1(F1,5AK,2) is zero. 


8. We define the distantial spread of the curves of the congruences on 
the same lines as in Section I, thus the distantial spread of the curves of the 
congruence Cy, with respect to the curves of the congruence C; can be put as 

= val SiC — whe.) — se (Suares)) 
iI aft at I 1 dS) 29K 
dS1 


— fiije my AK)? = Fait nis sd) (8.1) 
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Similarly we have 





- Pe ee a an) 
Fe = He | Fini we Mets) — sgy Se 5At,”) 
SK 
— f,irjuimk, At? — ficsitthmte,sMe | (8.2) 


The distantial spread of congruence of curves Cx with respect to the con- 
gruences C; will be zero if 1/d},1 is zero. 


Thus we have 


THEOREM 6.—If the curves of all the congruences are parallel with respect 
to the curves of congruences C, and curves of congruence C, are parallel with 
respect to Cx and fi,;A,,) is invariant with respect to the differentiation »[dS, 
then the curves of congruence Cy are equidistant with respect to the curves of 
congruence Cj. 


As (8.1) is equivalent to the following equation 


1 l . d . 
= Fe | fui (ote — #K,) — 38, (SLi4m’) 
dS1 
— fi,rj 1, rk, — fir 1. | (8.3) 
We have 


THEOREM 7.—If the curves of two congruences Cy, C, are parallel with 
respect to each other, 3/81 (fi, jAk,") is zero and the vector A4,* is null then the 
curves of congruence Cy are equidistant with respect to the curves of congru- 
ence C}. 


Considering (8.1) and (8.2) together we have 


THEOREM 8.—If the curves of two congruences Cy and C; are parallel 
with respect to each other 9/281 (f1,jrk,4), 2/28 (fx,jA1,4) is zero and the 
vectors j,", At, * are null then both the congruences are equidistant with 
respect to each other, 
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ABSTRACT 


The Feynman propagator, in momentum representation, is a four- 
dimensional transform over space and time variables. If the space and 
time integrations are performed separately, the propagator can be decom- 
posed into two parts, one corresponding to positive and the other to nega- 
tive energy intermediate state. By the use of this decomposed propagator, 
the relative contributions of the positive and negative energy intermediate 
states to the matrix element can be estimated. For example in Compton 
scattering it leads to the apparently paradoxical result that in the “non- 
relativistic approximation” it is only the negative energy intermediate state 
that contributes to the matrix element. 


INTRODUCTION 
It is well recognised that one of the great advances in quantum electro- 


dynamics since the Dirac theory of the electron is the Feynman formulation 
which is characterised essentially by two features: (i) Even when we include 





pair creation and annihilation of particles the vertices of interaction in per- © 


turbation theory can be so ordered in the Feynman sense such that the entire 
process can be represented through Feynman graphs of single particles thus 
obviating the use of field theoretic methods and (ii) the perturbation expan- 
sions are ‘** inherently four-dimensional ” and the covariance of the equations 
is apparent at every stage of the calculations, the integrations over space and 
time variables being performed together. 





* Permanent address: University of Madras, India. The above work was done during the 
author’s stay at the Department of Theoretical Physics, University of Bern, on leave of absence 
from the University of Madras. 

t Atomic Energy Commission Junior Research Fellow, 
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It has been pointed out by one of the authors (A. R.) that a better under- 
standing of the virtual processes is possible if the space integration is per- 
formed first and the time integration subsequently in the “‘ old-fashioned ” 
manner even in the Feynman formulation. It is this method which gives 
a clearer picture of the contributions due to the different types of virtual 
processes. It leads to the splitting of the Feynman propagator and while 
not affecting the elegance of the inherently relativistic approach, reveals 
the structure of the Feynman propagator in a manner which facilitates the 
computation of the relative contributions from transitions to positive and 
negative energy intermediate states. In particular, calculations lead to the 
apparently paradoxical result that the negative energy states do contribute 
even if the electron in Compton scattering is non-relativistic. It is con- 
ventionally accepted that when the initial particles are non-relativistic, the 
energy denominators become large for negative energy states and therefore 
the contribution in such cases can be neglected. This assumption may lead 
to erroneous results since the numerators may also become large and this 
can only be studied by the use of the decomposed propagator.? 


DECOMPOSITION OF THE FEYNMAN PROPAGATOR 


In the Feynman picture since a negative energy electron travels back in 
time, the positive and negative energy parts of the intermediate state can be 
separated by splitting the time integration in the perturbation expansion 
(i.e., from t = — co to t = + oo) into two parts corresponding to the ranges 
0 to + co with energy + E and — oo to 0 with energy — E respectively. 
The integration over space variables alone in a perturbation expansion say 


for a process in which an electron of momentum ? absorbs a photon of 
momentum q would amount to picking out from the kernel, terms corres- 


ponding to momentum P+ a and energy E equal to 


egad JG +4) +m 








1 The paradoxical result that the negative energy states should contribute ever in the non- 
relativistic case seems to have been well recognized on the ground that the operator Yy connects 
the positive and negative energy states. What we wish to emphasise here is that the relative 
contributions can be studied by decomposing the Feynman propagator the energy denominators 
in this case being naturally different from the field theoretic case. This is so because the defini- 
tion of the intermediate states in field theory refers to systems of electrons, positrons and photons 
while in the Feynman formalism it relates only to the electron, 





230 ALLADI RAMAKRISHNAN AND OTHERS 


If we now perform the time integrations separately corresponding to + Ep.g 
and — Ep,q we have, for the Feynman propagator in momentum representa- 
tion,? 


a ae ptm 
Fa —m~ 2] (BL) eR + Ea — Bg 


Pim (1) 
(E44) {EB + Eq + Ea} 








+ 
where P=p-+qand p is the Feynman four vector with energy + Ep + 


and p has the fourth component equal to — FP 4a: 


We shall now make use of the above expression for the propagator and 
calculate the cross-sections for Compton scattering taking into account inter- 
mediate states of positive energy only, forbidding intermediate states of nega- 
tive energy and vice-versa. 


The matrix element representing the scattering of an incident photon of 
momentum q, by an electron (at rest) to momentum q,, the electron having a 
momentum Pp, is obtained by considering the two possibilities (1) the photon 
q, being absorbed and q, being emitted subsequently in the Feynman sense 
and (2) gz, being emitted and g, absorbed subsequently. 


The propagators for the two cases are given by 


=! Pitm 
Pit fi—m (F842) (E8, + Ea, — Bg) 











Pit+m 
~ EB a, (ee, + Fe, + ER a] 


where #, has energy component ER +e and 


* Throughout this paper, we work in natural units, i.e., c = 1, ii = 1 and use the conven- 
tional Feynman notation: If p denotes the four vector with components Pa» Pa, Pas Esp (P (2, E>) 


then the Feynman four vector 7 = = Pulp = EP: — P. * where +’s are the usual Dirac matrices 


and £ ff = E,w — >: ? where q is another four vector with components (w, 2). 
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1 gli Patm 
Pi—@2—m 21 (53,- q,) {Ep, Se Ge. a} 





> : 
(EB, -¢, {Ep, — EG i> FR q,} 
where P, has energy component FD. -d,: 


‘The cross-sections for the entire process taking the effect of positive 
energy alone ignoring the negative energy part in the intermediate state can 
be calculated by using the sum of the first terms of (2) and (3) as the propa- 


. . + 
gator. Thus the matrix element after substituting for Py, etc., 


Yt Vo? + m* — yew, +m 
Vw? + m? {m + wo, — Van= + may F? 








Mo =F) 4net) a ¢2 




















+ 4 Yt V 2+ m?+ yews cos O+-yyws sin 6-+-m ] ‘ 
Vw? m* {m—w.— Va,2+m} - 
(4) 
“ +i i — Vt Vo,? + m* — ypo, +m 
(-) — — (47e? 21 
M ye: (4ne%) in| ¢ 2 Vw? + m2 {m + wo, + Va, + my ~ 
ee: V w,?+m?+y2w. cos 9+-yaytw sin 0+-m 
(5) 


Taking the incoming photon to be along the x direction we have for 
polarisation 


(A) 41> vz or (B) 4i=Yy 
and for the outgoing photon 
(A’) ¢2=Yz or (B’) £2= vycos 0 — yz sin 8. 


Thus the matrix elements M‘+) and M“? for various polarisation combina- 
tions are given by 

M“) (AB’ or BA’) 
__ 1 (—i4me?) [Re {i Vo,2-+m?— im} e+ iw, Fp. ,€% 
VFLF, 2 V w,?+m? {m+ w,—V w,? + m 


F iF; {— i Vo? + m* m2 — im} eid a | (6) 














Vw? + m3 {m — w, — Vw? + m3} 
where Po, = Pox + iPoy 


£442 0/ 4 28 0R8 248 Setar ees 864° Cee 


—*t* - awreearee « 
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and 
M“)(AB’ or BA’) 
a (- 7) [Pes : Vos? +m? +im) e'0—iw,F,p,,e1 
VFF,4 2 — V w,?+m? {m+ w+ V w,?+m} 


4 FF, {— i Vo, + m? — im} eto — = 
V we? + m2 {m — ws + V we* + m?} P 











(7) 
Mt) (AA’) 
=o. (— or [ F,F; {V/a,? + m? — mM} — oF yp._ 
VF,F, 2 Vo* + m {m+ w, — Vo? + m3} 
F\F, {V/w? + m* — m} + we F, bee] 
Vw? + m? {m — we — Vws? + m*} ° 
M“?)(AA’) 
= Sh (= eet) | a aE + mi) + oF pe 
VFiF, 2 Vw," + m? {m + w, + Vay? + m*} 
FiF, {Vw2? + m? + m} — ope) 
Veo? + m? {m — w, + Vos? + mj] 























(8) 











(9) 
M+) (BB’) 
1 (- i4me*) ee {Vv w,?+me~i6— me-io} —w,F,p,_e%6 














VER, 2 Veo? +m (m+ a, — Va? + mij 
+ FiFs (Vou? + miel — mei} + ww, =) (10) 
V wo? + m? {m — we — Vw? + m} 
and 
M“~ (BB’) 
= _ L = (— i4me*) FiFe {Vo1?-+me10+ me-i} +. wF p,_¢%# 
VFiF, 2 VoP+m {m+o,4+Vo2+m 
ey FF, {Vw,? + m el + meié } = wF 1 po_} (11) 
V w.? + m® {m — w, + V wo? + m?} 


where 
F, = E, + m, F, = E; + m. 
For any one of the polarization cases considered above, we sum over 
the initial spin states of the electron and average over the final spin states to 


obtain the cross-section. We shall now list |M|? for the various combinations 
of polarization, 


M? (/ 








Tak haerymgasnen>:- 
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mM‘) (AB’ or BA’)|? 
F,°F,7(w? + 2m? — 2m V/w,? + m*) + F,2w,"p,? + (o/a,7+ m*—m) 


(4me%)? X_2F °F, Pox 
(w,? + m?*) {2m? + 2w,2 + 2mw, — 2(m + wa) Vw? + m3} 


re 
~ 4F,F, 





F,2F 2? (wa? + 2m* — 2m »/w,? + m®) + Fy2w9*py? — 2F2F we 
___X (Pag COS 8 + Poy sin 9) (V/w_? + m? — m) 
(wg? + m*) (2m* + 2w,* — Imw, —2(m — o,) Vo,* + mil 





eas 2F\2F2? (+/ w,? + m? — m) (4/9? + m? 7 m) 4 2F ,2w,wPo2 cos 0 
— 2F °F Poxw; (Vw? + m®? — m) + 2F2F2w2 (Pox COS 8 + Poy sin 4) 
x (Vas? + m*— m) 

Vay? + m? Vw? + m* {m + w, — Vw, + m*} {m — w,— Vw," + m>} 











- 
(12) 


Denoting the denominators of the three terms as D,‘+), D,‘+) and D,‘* res- 
pectively, we have 


|M“) (AA’)|? 


= app, 476? [pom (FitF st (os? + 2m? — 2m Va Fm) 





+ F,2w,*P,? — 2F*Fyopox (V/a," + mi — m)} 
+ pcr (FPF (og? + 2m? — 2m Var F we) + Fath? 
+ 2F\7F.w2 (Pox COS 9 + Poy sin 4) 
X (/w_? + m* — m)} 
+ im {2F °F, (+/@," + m® — m) (/a, + m? — m) 
+ 2F °F, (V/w,? + m* — m) 
X (Pox COS O + Pay Sin 0) — 2w,0.F 2p," cos 8 


— 2FFyoPee (Vo, mt — m3]. (13) 


2448 222 St 28 8 ake eee 8B 





234 ALLADI RAMAKRISHNAN AND OTHERS 


|M* (BB’)|? 


1 


l ————— 
= apy, 47) [p,m (FF (ost + 2m? — 2m Vos Fm) 


+ F 27.2," — 2F °F. (Vw? + m? — m) 
X (Pog COS 28 + Poy sin 24)} 


l ties 
7 Dd {F,2F 5? (2? + 2m? — 2m v/wy? + m®) + Fy2p_2w.” 


+ 2F\?F,w2 (Va? + m*® — m) 


X (Pog COS 8 — Poy sin 4)} 

+ pcs OF YF (Vox + mi — m) (Vo F mi — m) 
xX cos 20 — 2F\2F.w, (wv? + m? — m) pox 
— 2F,2),2u,w. cos 6 + 2F,2F,w, 


X (fa? + m? — m) (Pez Cos 8 + poy sin | 
(14) 
Similarly in the case of negative energy, we have 
|M-(AB’ or BA’)|? 
_ (47e*)? F,°F,? (42 + 2m? + 2m Vw, + m*) + F,20,*p,? — 2F °F ,0;Pox 


= GFF, | —_X (Ve? + m* + m) —_ 
— (w,? + m*) (2m* + 2w,? + 2ma, + 2a? + m2 (m + a) 








F,2F 2? (w.? + 2m? + 2m /w? + m?) + F,2w92p 2” + 2F;*F,w, 
4 X (Pox COS 9 + Poy sin 8) (4/w.? + m* + m) 
(w_? + m?) {2m? + 2we? — 2mwg + 2 Vw? + m?(m — w,)} 





— 2F YF 2? (o/w,? + m® + m) (s/@,? + m? + m) + 2F,2p,2w,w, cos 6 


+ 2F7F ws Pox (Vw? + m2 a. m) = 2F °F... (Pox cos 6 -f Poy sin 6) 


4 x (Vw? + m? + m) 
Va? + m? Vw,? + m® {m+ w, + Voi? + m} {m — w2 + Vw? + m3 


( 














Denoting the denominations in (15) by D,“~, D,“ and D,‘~ respectively, 














we have 
[M- (AA’)|? 
4me2)2 1 sues = 
= FE [pre PtP (an? + 2m? + mas? Fmt 
+ F,2w,2p,? + 2F °F 2poxa, (4/w,? + m + m)} 
+ bn {F,°F,? (w,? 4: 2m? - 2m V/ wy" + m?*) “fe F222 
— 2F?F.w. (Pox cos 6 + Poy sin 6) 
X (Vg? + m® + m)} 
“fb be {2F2F,? (1/2 + m? + m)(/a,2 + m? — m) 
= 2F,2P,2w,w» Cos 0 -L QF? F 2Poxe, 
xX (v We" + m? + m) —_ 2F2F.w. 
X (Pex cos 8 + Pey sin @) (/a,? + m? + mt] : 
(16) 
|M- (BB’)|? 
4me2)2 1 a a ale 
a OFF. lb {Fi°F 2° (1? + 2m? + 2m v/a, + mi) 
5 F,2w,2po? a 2F\?F.0, 
X (Pog COS 28 + Poy sin 26) (Ww,? + m? + m)} 
+ ins (Fi°F 2? (2? + 2m? + 2m V/w,? + m*) + F222 
= 2F?F 2. (Pox cos @ — Poy sin 6) 
x (Vw,? + m? + m)} 
1 oe i nt ll nl is 
+ yes 2F YFP (Ver? + m? + m) (an + m* + m) 
X cos 20 — 2F,°},2w,w, cos 6 + 2F,2F,w, 
) : Xx (Vw? + m? +- m) Pox aed 2F °F ,w, 
x (Vent +m? + m) (Paz cos 6 + Prysin 8)}] 


(17) 
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The differential cross-sections do are given by 2m |M|? x (density of 
states). After substituting for p,*, etc., in terms of w, and w, from the follow- 
ing relations we may compare the cross-sections for positive and negative 
intermediate energies. 


F, = 2m-+ w,—, (from energy conservation) 


22 => E,? —_ m2 = (2m ~ aed Ws) (@, — Ws) 
F,? = 4m? 
Pox = ©, — w,CoS 4 (from momentum conservation) 


= — w, sin 0. 


DISCUSSION 


Since the expressions are rather complicated, it is difficult to compare 
the cross-sections for the positive and negative energy intermediate states 
directly. However we shall take up some special cases to get an idea of the 
relative contributions: 


(1) Non-relativistic case, i.e., w;<m and w,~wa,. In the case of 
positive energy intermediate states 


4 
dot (AA’) = rem 2w;) (w, — w, Cos a) (I - =) 


+ (2w2) (we — w, cos 6) (1 _ 9) 
— 2ws (we cos 8 — w,) — 2w,? cos a] 


(neglecting terms of order w,?/m?) 


do* (BB’ or AB’ or BA’) ~ 0. 


Now we shall calculate the cross-section for the intermediate negative energies 
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do~ (AA’) 


e4 


l - i 
= . » ake 2 
i6m?2 -"* {2m [ 2m (4m? +- 2w,*) 
4m* (1 + ) 
m 





+ 2a, (2m + = (w,; — w. COS 0) |} 
; ] 


a - {2m [ 2m (4m? + 2w.*) 
4 =: 2 
4m (1 =) 





+ 2w, (2m + 5) (w. — w, COs a) 


4 a {2m [ 4m (2m - st) (2m oh 3 


2 ( 8) cw (2m + 2X 
+ 2(w, — ws COS ) w, (2m — 


+ 2 (wy — @, 608 8) wy (2m + $2 Ht 


Neglecting w,?/m*, we have 


4 4 4 m4 
do~ (AA’) ~ an bm os 


4m* 3 





et 
~ 3: (19) 
Similarly 
et 
do- (BB’) = 2 (cos? @) (20) 
: do~ (AB’ or BA’) = 0. (21) 


(ii) Extreme relativistic case (a) small angles, ie, w, ~w. 5m. 
The results for different polarization are tabulated below, (5) large angles 
w,>m~ws,. In this case the results are similar to the previous ones 
excepting that here 


do (AB’ or BA’) = do (BB’)¥ do (AA’). 


; [| This is to be expected since e,-e, for BB’ ~0 since cos @ ~0. 
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It is interesting to note that the contributions arising from the negative 
energy intermediate states dominates the cross-sections in the non-relativistic 
limit for the electron. In fact the contribution from positive energy inter- 
mediate states is almost zero so that 


$ do-(AA’ + BB’) = 3 £5(1 + cos*#) = $ do (AA’ + BB’) 


since dot = 0 


which is the actual cross-section (i.e., including both positive and negative 
energy intermediate states). 


In the extreme relativistic case, we find that contributions arise from both 
positive and negative energy intermediate states. We also find that in 
case (a) dot (AB’) = do~ (AB’) though do (AB’ or BA’) is zero. This can be 
easily seen from the fact M* (AB’) = — M-(AB’) and hence |M*+ + M-|? 
=0. Similarly for dot+(AA’) + do~(AA’) = e4/2m? though do(AA’) 
=e{m*. This is again obvious since in this case M+ (AA’) = + M-(AA’) 
so that do = |M*+ — M-|? = |2M+ (AA’)|? = e#/m?. Calculations on other 
electrodynamic processes will be given in a later contribution. 


One of us (A. R.) wishes to express his gratitude for the hospitality and 
facilities extended to him by Professor Andre Mercier, Theoretical Physics 
Seminar, University of Bern, Switzerland, during his stay as Visiting Professor 
under the auspices of the Swiss Atomic Energy Commission. Miss T. K. 
Radha is grateful to the Atomic Energy Commission, India, for the grant of 
a Junior Fellowship and Miss R. Thunga to the University of Madras for 
the facilities afforded for work at the University. 





ANALYSIS OF THE X-RAY DIFFRACTION 
PATTERN OF HELICAL STRUCTURES 


By G. N. RAMACHANDRAN 
(Department of Physics, University of Madras, Guindy, Madras-25) 


Received August 19, 1960 


ABSTRACT 


The paper deals with the theory of the diffraction pattern of helical 
structures having the number of units per turn (m) neither integral nor 
rational. The conventional treatment suffers from the defect that the 
repeat spacing along the axis of the helix is taken as the standard of 
reference, and this does not exist, being infinite, when 7 is irrational. The 
difficulty is got over in this paper by focussing attention on the ‘unit 
height’ (h = resolved component of a unit along the axis) and ‘unit twist’ 
(t = fraction of a complete rotation for one unit, = 1/m), which vary con- 
tinuously irrespective of n being rational or irrational. Explicit formule 
are obtained in terms of their Bessel indices for the observed layer line- 
spacings which turn out to be very simply related to the reciprocals of 
the unit height and the pitch of the helix. A technique of analysing 
the observed diffraction pattern for the elements of the helical structure 
is also given, with examples. The case of a coiled-coil is seen to have 
the same general features as the simple coil, the layer line-spacing being 
now related to two pitches, namely, those of the major and the minor 
helices, and the unit height. The relationship of the diffraction pattern 
of a helix in its uncoiled and its coiled-coil form is also found to be rather 
simple, being similar to the multiplet splitting produced by a magnetic 
field in Spectral lines. 


; S> a = 
sctwi dékad B28 But bP Sal tt 


1. THEORY FOR A SIMPLE HELIX WITH A NON-INTEGRAL SCREW AXIS 


It is well known that the characteristic feature of the X-ray diffraction 
pattern of a fibre containing helical chains, with the number of links (units) 
per turn, 7, non-integral, is the occurrence of strong layer lines whose layer- 
spacings are not all in the ratio of 1: 2:3, etc., as is found in the rotating 
crystal diagram of an ordinary crystal. An explanation of this was given 
in terms of the Fourier transform of a helical structure by Cochran, Crick 
and Vand (1952). Taking in particular the case of M point atoms arranged 
at regular intervals in N turns of a helix of radius r and pitch P, so that the 
240 
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repeat spacing along the axis is c = NP, the intensity distribution in reci- 
procal (Fourier) space (R, %, Z) on the layer line / with Z = //c essentially 
depends on the value of the Bessel function Jg (27Rr), where q is an integer 
which satisfies the equation 


Nq+Mm=/ _— (q, m, I integers). (1) 


Now denote the projected distance between two successive atoms along 
the axis of the helix by (= c/M), which may be called the ‘unit height’, 
and the fraction of a Tull rotation corresponding to one such unit by 
t(= N/M), which may similarly be called the ‘unit twist’. Clearly the 
unit twist is the reciprocal of the number of units per turn, i.e., 


bow ™ 


Since only J, (x) has a finite value for x = 0, all other Jg (x) being zero 
for x = 0, and since the first maximum of Jg (x) occurs for larger and larger 
values of x and is relatively lesser in height as g increases, it follows that 
the prominent layer lines are those for which q is a small integer and of 
these only those with g = 0 contain a meridional reflection. Thus, restrict- 
ing ourselves to layer lines with spacings between c and c/M= A, i.e., 
1=1 to M, the principal layer lines are seen to be as below*: 


For q = 0, l= M; Z = Mie; 
For g = 1, 1=N, M—N; Z=N/c, (M — N)/c; 
For q = 2, I1=2N,M—2N; Z=2N/c,(M — 2N)/c. 


Now, suppose that the helix undergoes a small deformation, so that 
the unit twist ¢, which was equal to N/M, increases very slightly (say). It 
is obvious that the repeat spacing c would completely change, e.g., taking 
the a-helix with h = 1-5 A, n = 3-6, which corresponds to N = 5, M = 18, 
c=27A, if n increases to 3-625, then N = 8, M = 29, c = 43:54, while 
if n increases to 3-61, then N = 100, M= 361, c= 541-5A. Thus, the 
repeat spacing c undergoes wild fluctuations as the number of units per 
turn (n) or ¢t is changed even by a minute amount—actually c-> oo if n is 
irrational. However, it stands to reason from physical grounds that the 
diffraction pattern would only undergo an infinitesimal change for such an 
infinitesimal change in n or ¢. Actually, that this is so can be verified by 
Sinema reel 


* These conclusions continue to hold even when there are a number of atoms in the 
repeating unit, provided they all follow the same helical pattern, as is the case in a helical structure, 
which is fully specified by the two parameters / and ¢ (or n). 
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fully working out the pattern according to the above theory for various 
rational approximations to a given number. This point has been recognised 
by Cochran et al. (1952), but they have not considered the general case, 
It would, therefore, be worthwhile reformulating the theory in such a manner 
that no such rational approximation is needed. As will be shown below, 
it turns out that what is relevantto_the specifieatron-ef-a-helical structure 
are the parameters unit height-(4).and the unit twist (7). The repeat spacing 


c¢ need not enter the picture at all in the formulation. It is obvious that, 
from, the stereochemical point of view also, the only data that are specified 
for a helical chain is the relationship between one unit and the next, which 
is precisely the same between that and the next and so on. The repeat 
spacing c is never specified as such.f 


Thus, since-e-1s-unspeeified,the only reciprocal spacing which can be 
used. to. describe-the~pattern_is. the reciprocal of the unit-height h, i.e., 
1/h = Zo(say). This is in fact the spacing of the meridional reflection. 
Therefore, let Z = Zo, instead of /.(1/c) as before. Then, in Eqn. (1) 
1 = nc/h = 7M, so that we have 


Nq + Mm= 7M, 


or dividing by M throughout and remembering that N/M = f¢, we have 


tq -+m=%, Z=7=1Zp. (3) 


Fp re 


which is not even necessarily a rational number). € prominent layers 


The layer lines are now given by the number 1s which is not an integer (and 


correspon to-g=0, 1, 2, ...... if decreasing order of prominence. Con | 


sequently, it would be more useful to use the Bessel index g to denote the 


layer lines in the diffraction pattern of a helix, and the corresponding : 


nq = (tq +m) gives its location. 


In order to get a clearer picture, let us restrict ourselves to layers with 
iZ| < 1/h, i.e., those occurring within the first meridional reflection. | 


Taking n = 3-6 as for the a-helix, = 0-278 and the layers with Bessel 
indices |g|=0, 1, 2, 3, 4 occur at Z= Zo, Z=0-278Z, and 0-722Z, 
Z = 0-556 and 0-444Z,, Z = 0-834 and 0-166Z,, Z = 0-112 and 0-888Z,. 


+ It has been possible to work out specific formule, which give (a) the orientation of the 
helical axis, (6) the unit height and (c) the unit twist (4) when the stereochemical relations between 
successive units are given, but this will be reported separately. 
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Fic.'1.(a) Schematic diagram, showing layer lines of a simple helix with n = 3-6. The 
thickness of each layer roughly represents its intensity. (b) Relative intensities of the layers 
actually observed with poly-L-alanine. Note the occurrence of layers even with large g (up to 6) 
at low angles (small Z), but the relative absence of layers at larger values of Z. 


These are schematically shown in Fig. 1 and the general formula may be 
written in the form: 


Zq=Ilatl]Z> and Zq’ = (1 — [lgtll) Zo, (4) 


where [[x]] stands for the fractional part of x. Those with g = 0 are meri- 

dional, while the others are non-meridional. In terms of the X-ray crystallo- 

graphic £ = AZ, the ¢-values of the prominent layer lines can be deduced 
“from Eqn. (4) to occur at 


¢= (er? and ¢=(1 —ttgey?. (5) 


It will be noticed that these very simple formule contain no reference 
at all to the repeat spacing c, but require only the specification of A, the 
projected height of one unit along the axis of the helix and n, the number 
of units per turn. The formule are equally valid when n is integral or is 
the ratio of (simple) integers. Since, in the limit when n tends to an irra- 
tional number, there is no quantity in the formule which fluctuates indefi- 
nitely, the formule are also true in the limit when n is irrational. Thus, 
they can be taken to be valid quite generally. Then, the intensity distri- 
bution in reciprocal space on a layer of Bessel index q is given by the 
formula’ of Cochran et al., viz., 
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. 7 
F(R, Z) = 2 E filq 2aRrs) expi [g(—¥ +4 +5) 


+ 2nZz5| (6) 


where (rj, $j, zj) is the position of a j-th type atom and fj is its scattering 
factor, and Z is given by Eqn. (3). 


2. ANALYSIS OF LAYER LINES BY THE NEW FORMULA 


The new form of the diffraction formula for a helical structure given 
by Eqn. (3) will be found to be very useful in practice as will be evident 
from some examples to be given below. Thus, in interpreting a helix dif- 
fraction pattern, the first thing to look for should be the truly meridional 
reflections. Owing to disorder, some non-meridional reflections would 
occur as arcs bridging the meridian, but these can in many cases be resolved 
by taking inclined fibre photographs. So also, the truly meridional reflection 
can be brought out by such a photograph, as in the case of the 1-5 A of the 
alpha helix. Having thus cbtained A and hence % (or Zo), the next step 
should be to look for the other prominent layer lines with { < %. If two 
such can be found, say ¢, ¢’ such that 


4 + C’ = fo (7) 
then it is clear from Eqn. (5) that 
t, f’ =(qt)¢ and (1 — qt) &, (8) 


most probably with q = 1, so that ¢/% gives at once the unit twist ¢, and 
n, the number of units per turn of the helix. Sometimes g may not be 
equal to one, but 2 for the most prominent layer lines owing to the fact 
that the Fourier transform of the unit itself is weak near the meridian cor- 
responding to the layers with q=1. In any case, further confirmation 
of the assignment can be obtained by comparing the ¢-values of the other 
observed layer lines with the values calculated from Egn. (5). 


Thus, it is seen that the analysis of the X-ray diffraction pattern of a 
helix for its elements h and ¢ (or n) is quite straightforward, so long as the 
layer lines are clear and the meridional and non-meridional reflections can 
be clearly distinguished. We shall illustrate the procedure with reference 
to the data on the a-form of poly-y-methyl-L-glutamate (Bamford et al., 
1956). The mean values of ¢ for the observed layer lines are 0-109, 0-173, 
0-2865, 0-461 and 1-028, the last of which is meridional. The strongest 
layer is the one with ¢ = 0°2865, 
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Obviously % = 1-028, giving h=1-50A. A more accurate value of 
to = 1-034 may be deduced from the later data of Brown and Trotter 
(1956) which is also in agreement with the measurement / = 1-491A of 
Yakel (1953). No two of the @’s_ satisfy an equation of the form (7). 
However, 


2 x 0-2865 +0-461 = 1-034 
and 
3 x 0-2865 + 0-173 = 1-0325 


and the sum in either case is close to £, = 1-034. From the general theory, 
these equations are consistent with the assignment 


0-2865 = tL, (q=1) 
0-461 =(1 — 21) % (q = —2) 
0-173 =(1 — 31) % (q = — 3) 


The mean value of n(=1/t) obtained from these assignments is 3-58. 


This value leads to f, = (4t — 1) f = 0-106, which is close to the observed 
value of 0-109. 


Thus, our analysis shows that the observed pattern is consistent with 
a structure with h = 1-491 A and n = 3-58. Actually Bamford etal. have 
tried to index their observations on the basis of a cell with M = 29, N = 8 
giving n = 3-625 and M = 69, N = 19, i.e., n = 3-632 in addition to the 
simple n = 3-6 helix with M = 18, N= 5. If f) = 1-028 is used, the mean 
value of n obtained is 3-61 (variation 3-58 to 3-64), which is close to the 
tational approximation attempted. These facts suggest that the rational 
approximations are not particularly relevant, unless they are dictated by 
some special considerations such as symmetry. 


A similar analysis may be made of the pattern of a-poly-L-alanine 
(Brown and Trotter, 1956; Bamford et al., 1956). Brown and Trotter have 
given a table of observed Z’s of the various layer lines conveniently as reci- 
procal spacings Z in Av. We shall designate the layers by A, B, C....K 
whose Z-values are listed in Table I. The last one K with Zz, = Z,) = 0-668, 
is the only meridional reflection, giving h = 1-495A. 


Of these, Z, + Z; = 0-665 ~ 0:668, and C is a prominent layer line, so 
that we may identify these with g = 1, giving Zp = tZ, and Z; = (1 — ft) Zp. 
Now, from Eqn. (3) it follows that 


Z 
ZI msg (9) 
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TABLE I 


List of observed layer lines and their indexing by Bessel indices q for 
poly-L-alanine. Note that layer lines with q = 3, 4 at 0-555 and 0°597 
are absent while those with q = 5, 6 actually occur 










’ 
















Layer Z lq| Z/Zo Z, = (Z, 
line (from theory) (from obsn.) 
A 0-0713 4 4t—1 0-1850 
B 0-114 3 1—3t 0-1849 
C 0-185 1 t 0-1850 
D 0-233 6 2—6t 0-1840 
E 0-257 5 Sst—1 0-1851 
F 0-298 2 1—2t 0-1858 
G 0-367 y 2t 0-1835 
H 0-411 5 2—5St 0-1852 
I 0-433 6 6t—1 0-1836 
J 0-480 1 1—t 0-1886* 
K 0-6686 0 1 

Mean 0-185 + 0-001 















Zz — Z, = 0-185 
Zy — Zp = 0-184 
Ze — Zo = 0-182 
Zu — Zp = 0-178 
Z, — Zz = 0-176 
Z; — Zp = 0-182 
Zx — Z; = 0-188, 


* Omitted in obtaining the average and standard error. 


From this, it is obvious that a number of observed Z-values must differ by 
multiples of Z, (= Zp ). It will be seen that this is in fact true. Thus, 
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This clearly establishes that our identification .of Z, = 0-185 by q=1 is 
correct. A further confirmation of this comes from the fact that Zp + Ze 
= 0-665 ~ Z, and the relation Zp ~ 2Z,_ holds. The indexing of all the 
observed layers is, thereafter, straightforward. The values of q are given 
in the third column and the value of Z/Z» from theory in the fourth column. 


Using the data from the fourth column, the value of Z, (= 1Z,) is 
deduced from each of the measurements and they are given in column 5, 
It will be seen that all of them are very nearly a constant except the one 
deduced from Z, which has a larger error. This layer is very weak in the 
diagram and so this value may be omitted in finding the mean which comes 
out to be 0-185 + 0-001, where the + gives the standard error. Taking 
the value of Zp) to have a relative error of + 0:2%, as given by Brown and 
Trotter, we find that 


n= 3-615 + 0-02. 


It is interesting that the mean value is identical with that assumed by Brown 
and Trotter, namely, 47/13 = 3-615. However, their quoted probable 
error + 0-003 is far too small. It is not clear how they have deduced their 
probable error, but their own data giving ¢,,, and ¢.,,, in their Table I 
(their ¢ is our Z) show a percentage deviation of the order of 1% (e.g., 0-233- 
0-228, 0-433-0-441, 0-480-0-484, etc.) which would be more in accord 
with our standard error (0-:6%) than theirs (<0-1%). This shows that 
the experimental data cannot prove that a chosen rational approximation 
is the correct one. 


Thus, it will be seen that the analysis of the diffraction pattern of a 
simple helix can be made into a simple routine. This is so even if the truly 
meridional reflection does not record, for Zp) can be deduced from the fact 
that pairs of Z-values will have their sums equal. In the present case, we 
have several such, e.g., 


Z; +Ze = 0-665 
Z; +Zy = 0-666 
Zu + Ze = 0°668 
Zo + Zp = 0-665 
Mean = 0-666 
It will be noticed that the mean is nearly equal to the directly measured 


value of Zp) (namely 0-6686) which is highly satisfactory. Modifications 
of these methods could, of course, be worked out to suit particular cases, 
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So also, it is seen that, in the ordinary way, it is not possible to prove 
that there is a definite repeat spacing c in which the helix makes an integral 
number of turns. Actually, in such structures, which are not stablilised 
by rigid bonds connecting one helix with another, small variations are likely 
to occur, and the interesting fact that has come out of the present study is 
that such variations only insignificantly affect the diffraction patterns. The 
layer lines may be slightly shifted about (not all in the same direction), but 
the strong ones would continue to be strong and the weak ones weak. 


3. THEORY FOR A COILED-COIL 


In the above discussion, we have been dealing only with simple helices. 
When there is a further coiling of these, leading to superhelical configura- 
tions, the nature of the diffraction pattern changes somewhat. In order to 
get the picture clearly, we shall write the formula of Crick (1953) connecting 
the various Bessel functions orders in a form more akin to our equations 
(1) and (8). His equation is, with a small change in notation (N,’ instead 
of Nj), 


Nop +(Ni’ — No) g + Ny’s +(Ny’ + No) d + Mm =], 


with p, q, s, d, m, 1 integers (10) 


for a layer line with Z = //c, c being the repeat spacing which contains M 
units, N, turns of the major helix and N,’ turns of the minor helix. Let 
Ng= M/N, be the number of units per turn of major helix, 1,’ = M/Ny’, 
the number of units per turn of the minor helix in a rotating frame of refer- 
ence following the major helix. As in the case of the simple helix, write 
Z=7- (l/h), so that /= 7M and let to = 1/19, t,' = 1/n,’.. Then Eqn. 
(10) becomes 


top +(ty' — to) Q +h's +(t' +h)d+m=y (11 a) 


| 
Z= Zo, Zo = 7, - (11 b) 


Thus, the repeat spacing c has disappeared and the layer is now specified 
by the number » (not necessarily even rational) which corresponds to the 
Bessel indices (p, q, s, d). The intensity distribution in this layer continues 
to be given by Crick’s Eqn. (13) for a coiled-coil with one atom per unit 
paving unit scattering factor (see his paper for details of notation); 
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F (R, #, Z) 
=F FFF Ip (2aRro) Iq (2aRA,) . Js (2aZr, sin a) Ja (2nR4) 
@eé 4 


xX exp i [p(¥— $0 +5) +a(-¥ +, +5) 
+s(— $1 +2) +d(¥ +41 +5) — bu + 2nZzo]. (12) 


The most prominent layer lines correspond to small values of p and g. The 
index s = 0 for all layer lines with Z << Zp but s = 1 may occur for Z ~ Zo. 
The index d must be put zero in most cases. 


Before working out the consequences of Eqn. (11) under these condi- 
tions, it is worthwhile examining the relation between the transform of a 
coiled-coil and of the simple coil from which it has been obtained. Now 
in Crick’s paper, N,’ is the number of rotations made by the minor helix 
in a rotating frame which rotates along with the major helix. (Crick calls 
this ‘the number of rotations made by the minor helix in its own frame of 
reference’, which appears to be not a happy wording, although its con- 
notation is quite clear in his paper.) Now consider the number of turns 
N, made by the minor helix in space when the major helix makes N, turns. 
Under the conditions adopted in Crick’s paper (left-handed minor helix, 
right-handed major helix, i.e., the senses are opposite), it will make a smaller 
number of turns than N,’, actually N,; = N,’— Np. The significance of 
N, is best visualised by considering the case when the radius of the major 
helix shrinks to zero. There is no coiled-coiling in such a case and N, is 
then the number of turns made by the minor helix in the repeat c. The 
number N, thus specifies the undistorted minor helix (and not N,’) and 
consequently it is used in all the formule derived below. 


Thus, let N, be the number of turns of the minor helix in the repeat 
c. The associated number m, = M/N, is the number of units per turn of 
the minor helix and its reciprocal ¢, = 1/n, is its unit twist. In terms of 
these, Eqns. (10) and (11) become 


Nop + Nig +(N, + No) s +(N, +2N,)d +Mm=/ (13) 
tp +hat(h +h)s+m=y7 (14) 
where d is put zero in Eqn. (14). Eqn. (12) continues to be valid with this 
notation also. 
We shall now consider the consequences of these equations, 
(a) s=0, 
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As already mentioned, Js (27Zr, sin a) does not have appreciable values 
for small Z, except for s=0. In such a case, we get 


top +hq+m=n Z=7Z, (15) 


which may be compared with Eqn. (3) where t= ¢,. In general fo, the unit 
twist of the major helix, will be much less than ¢, that of the minor helix 
so that fpp <<t,q. Thus the effect of coiled-coiling is to split_up each of 
the layers given by the simple helix into a series of closely spaced layers, 
becoming weaker on either side of the original one for the simple coil. 
This follows from the fact that Jy (27Rro) and Jg (27RF,) occur multiplied 
together. The situation is shown schematically in Fig. 2 for two cases 
(a) tp <<t, and (b) tj) ~t. There is a close analogy to the multiplet 
structure of spectral lines, which might have struck the reader even in the 
case of the simple helix diffraction pattern (e.g., the occurrence of constant 
differences, constant sums, etc.). The multiplets (p different) may be 
close together or well separated depending on f, being small compared 
to f, or not. 


Thus,.it.is.seen.that there is no meaning in asking whether supercoiling 
exists-or not, but only whether it is appreciable or not, for when the Pitch 





of the observed layer lines. 
(b) s#0. 


Since (t,p +%,q) contains also all the values occurring in the sum 
top +hgq +(t +4) 8 +(t +2h)d, no layer lines can occur at positions 
other than those given by Eqn. (15) and sketched in Fig. 2. On the other 
hand, the functions J, and perhaps also Jg with s, d40 may also con- 
tribute to some of the reflections. Thus, their intensity might be quite 
prominent. 


Important examples of this type are the possible layer lines near 
Zo(m = 1) for which J, (27Zr, sina) with s=1 has an appreciable value. 
In such a case, for q=0, p= —1, —2, etc., there occur layer lines at 


Z=Zo, Zo(l — to), Zo (1 — 2g), etc., 


ie., a series of layer lines with constant differences corresponding to f)Zp. 
Such layer lines cannot occur for a simple helix, and since g = 0, they will 
occur very near the meridian. 


In fact the simplest way of finding the value of tf) seems to be to look 
for such layers close to Z=0 and Z = Zp. 
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(a) (b) 
Fic. 2. Splitting of layer lines due to coiled-coiling. 


Thus, the main point of interest is that the diffraction pattern of a 
oiled-coil is not frightfully complicated, in spite of the fact that Eqn. (13) 
giving the Bessel indices contains four different parameters. In terms of 
our analysis, it is seen that the layer lines have only two types of periodicities : 


(a) toZ, due to the major helix 


(b) tyZy due to the minor helix 


and the actual layer line spacings are given by Eqn. (15). Consequently, 
if the Z-values of the layer lines are accurately measured, they must be 
fitted to a formula of the type 


Z=mZ, +p, +q&, (m, p, q integers). (16) 


Of these, the layer line with Z = Z, has intensity on the meridian, those 
with Z = Z) + p&, have intensity close to the meridian, while the others 
are definitely non-meridional. Having found Zp», £5, &,, the elements of 
the coiled-coil are given by 


ey 
l — 


= => = et =—=—_ — 
h — Zz lo Zo 5) ty : e (17) 
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In view of the above results, the nature of the diffraction pattern when 
there is a still further coiling is easy to work out. If is the number of 
units per turn in the primitive coil, n’ the corresponding number for the 
first superhelix and-n*-for the second superhelix, then the layer lines which 
occur are at 


Z=17Zo (18 a) 
where 
= t'u+t'p +tq +m (u, p, g, m integers) (18 d) 
and 
I il oo 
owes Fo a (18 c) 


analogous to Eqn. (15). Obviously, layers with u, p, q small will be the 
strong ones. 


4. CONCLUSION 


If one examines Eqns. (3), (15) and (19) respectively for a simple helix, 
a coiled-coil and a coiled-coiled-coil, it will be seen that they are all of the 
same essential form. The strong layer lines occur at Z-values which, when 
expressed as a fraction 7 of the fundamental reciprocal spacing Z») = 1/h, 
have a direct relation to the unit twists of the various helices. In the simple 
helix, the various 7’s are just multiples of the unit twist (cf. » = tg +m, 
with g, m integral). With further coiling, the periodicities of the other 
(major) helices show up as a fine structure modulating the diffraction 
pattern of the simple helix. 


In other words, if the observed data are plotted on the 7-scale, i.e., 
dividing the observed reciprocal spacing of the unit height, then they would 
exhibit one, two or more periodicities, according to the number of coilings 
in the strucure. The problem is then only of finding this periodicity, taking 
into account the fact that some of the layers may not be observed because 
they are too weak. In general, the strongest layer line (Z = Z,) corres- 
ponds to qg= 1 and its spacing P = 1/Z, would then be the pitch of the 
helix (as already stated). The spacing of the meridional reflection 
h = (1/Zo) gives the unit height. The ratio of the two gives at once the 
unit twist ¢(=A/P) or the number of units per turn n(= P/h). Although 
these are inherent in the earlier formule, they are again explicitly given here 
to emphasize the simple relationship between the diffraction pattern and 
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the elements of the helix. In fact, if the two halves of Eqn. (3) are combined, 
we get 


Z = mZy +4 (tZ) =m-} +4" 5 (20) 


where m and q are integrals. Thus, the prominent layer lines in-the diffraction 
pattern occur at at positions related to. the reciprocal of 1 the unit height and of 


the pitch. The so-called repeat spacing along the helical axis is nowhere 
inthe picture. 


The extension to the case of the coiled-coil is obvious and combining 
the two halves of Eqn. (15), we get 


1 1 1 
Z = mZy + P(toZo) +9 (4Zo) =m- 7 +P 5 +4 pp (21) 
0 1 


where Py, P, are now the pitches of the major and the minor helices. The 
positions of the layer lines now depend only on the reciprocal of the unit 
height and the reciprocal of the pitches of the major and minor helices. 


The great advantage of the ncw formalism is that oneis.able.to get 
out of the restrictions imposed by rational relations. It is obvious that 
the degree of coiling or supercoiling, when it exists, is determined only by 
interatomic valence forces and that, so long as no tigid ordering imposed 
by a crystal lattice exists, it is_not limited by any integral or ratioral con- 
ditions. This view-point has greatly helped in solving the helical Structure 
of feather keratin (to be published elsewhere). So also even in the collagen 
structure which has been considered in the past by the author himself to 
have exactly 10 residues in 3 turns, a more careful study seems to indicate 
that no such exact relationship exists, although actually the number of 
residues per turn observed is close to it (also to be published elsewhere), 


This turning away from the law of rational numbers was started by 
Pauling and co-workers (1951) when they put forward the idea of non-integral 
helices, i.e., that helices with n not equal to an integer can occur in protein 
structures. It now appears that there is nothing sacrosanct in the use of 
rational numbers and that any helix can occur in a fibre structure and that 
it need not have even a rational number of residues per turn. 


It must be stated however that if such helices form a crystal lattice with 
tigid interhelical bonds which are strictly repeated by translational sym- 
metry, then the rules of classical crystallography do hold and no values 
other than n = 1, 2, 3, 4 or 6 can occur in such a structure. 
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